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Abstract—Parent-centric real-parameter crossover operators 

create the offspring in the neighborhood of one of the parents, 
the female parent, using a probability distribution. The other 
parent, the male parent, is considered to define the range of the 
probability distribution. In this paper, we present a process that 
determines the individuals in the population that may become 
female or/and male parents. An important advantage of this 
proposal is that it makes possible the design of two kind of real-
coded genetic algorithms: ones specialized for global search and 
ones that are effective local searchers. We introduce an hybrid 
technique that combines these real-coded genetic algorithms with 
the aim of achieving robust performance on a wide range of 
problems. The experiments show that this technique may reach 
high robustness levels, as compared with other real-coded genetic 
algorithms and hybrid real-coded genetic algorithms proposed in 
the literature.  
 

Index Terms—real-coded genetic algorithms, parent-centric 
crossover operators, chromosome differentiation, hybrid real-
coded genetic algorithms  
 

I. INTRODUCTION 
N  the initial formulation of genetic algorithms (GAs), the 
search space solutions are coded using the binary alphabet 

([Gol89]); however, other coding types, such as real coding, 
have also been taken into account to deal with the 
representation of the problem.  The real coding approach 
seems adequate when tackling optimisation problems of 
parameters with variables in continuous domains. The 
chromosome is a vector of floating point numbers, 
representing a solution of the problem. Obviously, both have 
the same length. GAs based on real-number representation are 
called real-coded GAs (RCGAs) ([Deb01a, Her98, Yan00]). 
Over the past few years, an increasing interest has arisen in 
solving real-world optimization problems using RCGAs. 
Some of these applications are shown in Table I. 

The crossover operator has always been regarded as the 
main search operator in GAs ([DeJ92, Kit01]) because it 
exploits the available information in previous samples to 
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influence future searches. This is why most RCGA research 
has been focused on developing effective real-parameter 
crossover operators, and as a result, many different 
possibilities have been proposed ([Deb01a, Her98, Her03]). 
Parent-centric crossover operators (PCCOs) are a family of 
real-parameter crossover operators that has currently received 
special attention. They include fuzzy recombination ([Voi95]), 
SBX ([Deb95]), PCX ([Deb02]), XLM ([Tak01]), vSBX 
([Bal03]), PNX ([Bal04]), and PBX ([Loz04a]). In general, 
these operators use a probability distribution for creating 
offspring in a restricted search space around the region 
marked by one of the parent, the female parent. The range of 
this probability distribution depends on the distance among 
the female parent and the other parent involved in the 
crossover, the male parent.  

Experiments carried out in [Deb02] have shown that PCCOs 
arise as a meaningful and efficient way of solving real-
parameter optimization problems. Thus, the study of these 
operators becomes a topic of major interest for RCGA 
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TABLE I 
APPLICATIONS OF REAL CODED GENETIC ALGORITHMS 

Application Reference
Neural Networks [Bla01] 

Aerospace Design [Haj02] 

Biotechnology [Rou99] 

Control [Arf01] 

Economic [Duf01] 

Signal Processing [Har98] 

Microware [Cao00] 

Industrial Electronics [Shi02] 

Industrial Engineering [Aza02] 

Tomography [Tur02] 

Water Resources Management [Cha98] 

Electric Power Systems [Lin04] 

Multispectral Image Classification [Liu04] 

Hydrology [Jai04] 

Electronic Commerce [Kuo04] 

Data Fitting [Yos03] 

Electrical Engineering [Bas03] 

Magnetic [Lei04] 

Power Systems [Dam03] 
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research. Nowadays, researchers are focusing their 
investigations on the following factors that affect the 
performance of PCCOs: 

• Evolution model. Most authors chose the steady-state 
GA model (SSGA) ([Sys89, Whi89]) as the most 
adequate evolution model to take out profit from 
PCCOs. This election was mainly motivated by the fact 
that SSGAs may supply high selection pressure, which 
becomes well-suited for the meaningful operation of 
these operators. 

• Selection of the female parent and choose of the male 
parent. Deb et al. ([Deb02]) and Ballester et al. 
([Bal04]) recommend the use of a random selection 
policy for these two tasks. However, Lozano et al. 
([Loz04b]) proposed a method for the selection of the 
female parent, the uniform fertility selection, and a 
different technique for the selection of the male parent, 
the negative assortative mating ([Fer01, Mat99]). They 
were designed with the aim of promoting high diversity. 

So far, PCCO practitioners have assumed that every 
chromosome in the population may become either a female 
parent or a male parent. However, it is very important to 
emphasize that female and male parents have two 
differentiated roles: 

1) Female parents point at the search areas that will 
receive sampling points, whereas  

2) Male parents are used to determine the extent of these 
areas.  

At this point, it is reasonable to think that some 
chromosomes may be well-suited to act either as female 
parents or as male parents. Thus, a promising way to improve 
the behaviour of PCCOs involves the introduction of a 
chromosome differentiation in the population by considering 
two groups: the female group (GF) and the male group (GM). 
In this case, the mechanisms for the selection of the female 
parents and for the choice of the male parents would operate 
uniquely on GF and GM, respectively.  

In this paper, we present a simple process for female and 
male differentiation that creates GF with the best NF 
individuals in the population and GM with the best NM 
individuals (NF and NM are tunable parameters). An important 
feature of this process is that two different types of specialized 
RCGAs may be obtained by adjusting the NF and NF 
parameters: global RCGAs, which offer reliability, and local 
RCGAs, which provide accuracy. In addition, with the aim of 
producing a robust operation, we propose an hybrid RCGA 
method that combines these algorithms. First, it applies a 
global RCGA, and then, a local RCGA. The best individuals 
in population of the former become the individuals in the 
initial population of the last. 

We set up the paper as follows. In Section II, we introduce 
relevant issues related to PCCOs. In Section III, we present 
the process for female and male differentiation, and carry out 
experiments to analyze its behaviour when it is incorporated 
in two RCGA models based on PCCOs. In Section IV, we 
detail the hybrid RCGA model and compare its performance 
with a baseline RCGA based on PCCOs, the G3-PCX 

([Deb02]), and other hybrid RCGAs proposed in the literature. 
Finally, we draw some conclusions in Section V. In Appendix 
A, we include the features of the test suite used for the 
experiments. This appendix explains, as well, the way the 
executed algorithms were started with a skewed population 
not bracketing the global optimum. 

II. PARENT-CENTRIC CROSSOVER OPERATORS 
PCCOs assign more probability for creating offspring near 

the female parent than anywhere in the search space. In 
particular, they determine the genes of the offspring extracting 
values from intervals defined in neighbourhoods associated 
with the genes of the female parent, throughout probability 
distributions. The ranges of these probability distributions 
depend on the distance among the genes of the female parent 
and the genes of the male parent. Examples are fuzzy 
recombination ([Voi95]), SBX ([Deb95]), XLM ([Tak01]), 
PCX ([Deb02]), PNX ([Bal04]), and PBX ([Loz04a]).  

In this section, we deal with the main aspects of PCCOs. In 
Section II.A, we describe three recent PCCO instances. This is 
useful to understand the particular features of the crossover 
operators analyzed in this paper. In Section II.B, we discuss 
different advantages of PCCOs and explain why they are like 
self-adaptive real-parameter mutation operators. Finally, in 
Section II.C, D, and E, we sketch in the main steps of three 
RCGA models based on PCCOs. 

 

A. Three PCCO Instances 
In this paper, we use three recent PCCO instances, which are 
described below.  
 
1) PBX ([Loz04a]).  Let us assume that 

 )( 1 nxxX L= )( 1 nyyY L= , [ ] nibayx iiii K1,,, =ℜ⊂∈  
are two chromosomes that have been selected to apply the 
crossover operator to them. PBX generates the offspring 

),( 1 nzzZ L=  

where iz is a randomly (uniformly) chosen number from the 
interval [ ]ii ul , , with  

{ }α⋅−= Ixal iii ,max , { }α⋅+= Ixbu iii ,min , ii yxI −= ,  

and α is a parameter associated with this operator (we have 
used α=0.8 as suggested in [Loz04b] ).  
 
2) PNX ([Bal04]). iz is calculated as follows: 

),||,(
η

ii
ii

yxxNz −
=  

where ),( σµN  is a random number drawn from a Gaussian 
distribution with mean µ  and standard deviation σ , andη  is 
a tuneable parameter (the authors recommend 2=η ). 
 
3) PCX ([Deb02]). It is a multiparent crossover operator 
because uses 2>µ  chromosomes for generating the 
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offspring. Initially, it computes the centroid G  of the chosen 
µ  parents. Then, one parent, FX , is chosen with equal 
probability as female parent. The direction vector GXD F −=  
is calculated. Thereafter, from each of the other )1( −µ  

parents, the male ones, perpendicular distances id  to the line 

D are computed and their average d  is found. Finally, the 
offspring is created as follows: 

∑
≠
=

++=
µ

ης

Fi
i

iF EdwDwXZ
1

 

where iE are the )1( −µ orthonormal bases that span the 

subspace perpendicular to D . The parameters ςw  and ηw  

are zero-mean normally distributed variables with variance 
2
ςσ  and 2

ησ , respectively. 

B. Advantages of PCCOs 
    Experiments carried out in [Deb02] have shown that 
PCCOs arise as a meaningful and efficient way of solving 
real-parameter optimization problems. We think these results 
are due to PCCOs combine two advantageous features: 
• PCCOs behave like a mutation operator. PCCOs generate 

solutions that are close to the female parent. In this way, 
they may be seen as a special type of mutation. In fact, it 
is interesting to highlight that most RCGA models based 
on PCCOs do not use additional mutation operators 
([Bal04, Deb02, Loz04b]). 

 
This view is very important, as we will explain. We 
should highlight that two of the most important avenues 
of research in evolutionary algorithms that use real-
coding  pay attention on mutation as the primal operation 
for generating novel search points. They are the evolution 
strategies (ESs) ([Sch95]) and the evolutionary 
programming (EP) ([Fog95]). They simulate evolution as 
a phenotypic process, that is, a process emphasizing the 
behavioural link between parents and offspring, rather 
than their genetic link. In this way, the emphasis is placed 
on the use of mutation operators that generate a 
continuous range of behavioural diversity yet maintain a 
strong correlation between the behaviour of the parent 
and its offspring ([Fog94]).  

 
Deb adopts a similar idea to justify the work of PCCOs 
([Deb05]): since each parent is carefully picked by the 
selection mechanism, for most real-parameter 
optimization problems it can be assumed that solutions 
close to these parents are also likely to be potential good 
candidates. From this claim, we may remark an additional 
outstanding comment: the operation of PCCOs may 
become particularly promising when they are applied to 
highly fit individuals. This explains that most RCGAs 
based on PCCOs appeared in the literature are steady-

state GAs, because they may attain higher selection 
pressure levels than generational GAs ([DeJ93]).  

 
• PCCOs are self-adaptive crossover operators. PCCOs 

define a probability distribution of offspring solutions 
based on some measure of distance among the parent 
solutions. If the parents are located closely to each other, 
the offspring generated by the crossover might distribute 
densely around the female parent. On the other hand, if 
the parents are located far away from each other, then the 
offspring will be sparsely distributed around it. Therefore, 
PCCOs may fit their action range depending on the 
diversity of the population using specific information held 
by the parents. In this way, depending on the current level 
of diversity in the population, they may favour the 
production of additional diversity (divergence) or the 
refinement of the solutions (convergence). This behaviour 
is achieved without requiring an external adaptive 
mechanism.  

 
In fact, in the recent past, RCGAs with crossover 
operators with this feature have been demonstrated to 
exhibit self-adaptive behaviour similar to that observed in 
ESs and EP approaches ([Deb01b, Kit01]). Moreover, 
Beyer et al. ([Bey01]) argue that a variation operator that 
harnesses the difference of the parents in the search space 
is essential for the resulting evolutionary algorithm to 
exhibit self-adaptive behaviour on the population level. 

To sum up, we may conclude that PCCOs may be seen as 
self-adaptive real-parameter mutation operators. Several self-
adaptive mutation techniques have been proposed for ESs and 
EP as well (see [Bäc96]). However, there exists a clear 
difference: 
• ESs and EP make parameters of this operator, such as 

standard deviations, evolve simultaneously with the 
decision variables. 

• PCCOs calculate implicitly the standard deviations using 
information about the distribution of the individuals in the 
population. 

Finally, we should point out that since PCCOs work like 
self-adaptive mutation operators, they are amenable for the 
design of effective local search procedures. In fact, in 
[Loz04a], a crossover hill-climbing based on PBX is proposed 
as local searcher of a real-coded memetic algorithm. 

 

C. The U&N-PBX Algorithm 
   This algorithm is a steady-state RCGA that combines two 
diversification selection schemes, the uniform fertility 
selection (UFS) and the negative assortative mating (NAM), 
with a replacement method that introduces high selection 
pressure, the replace worst  strategy. Its basic algorithm step 
is the following ([Loz04b]):  

1) Select a female parent using UFS. 
2) Select a male parent using NAM. 
3) Create an offspring applying PBX to the parents. 



 4

4) Evaluate the offspring with the fitness function. 
5) Introduce the offspring in the population using the    
replace worst strategy. 

The female selection determines the search zones that are 
sampled by PBX. UFS encourages an exhaustive coverage of 
the regions represented in the population. It records the 
number of times every chromosome in the population was 
selected as female parent during its lifetime, and selects as 
next female parent the current individual with the lowest 
number of times.  

The male selection defines the extent of the sampling areas. 
NAM spreads the distribution used for generating the 
offspring, with the objective of creating chromosomes very 
dissimilar from their parents. From a set of nnass candidate 
individuals (selected at random), this procedure chooses, as 
male parent, the chromosome with the highest Euclidean 
distance from the female parent (in our experiments nnass=5). 

UFS and NAM are designed to favour diversity only; they 
do not cause a search bias towards the fittest individuals. 
Thus, they should be combined with a replacement strategy 
yielding some degree of selection pressure. In particular, 
Lozano et al. [Loz04b] proposed to apply UFS and NAM 
along with the replace worst strategy, which replaces the 
worst individual in the population only if the offspring is 
better. This strategy introduces high selection pressure, 
because it maintains the best individuals appearing so far. 

 

D. The SPC-PNX Algorithm 
SPC-PNX ([Bal04]) is a steady-state RCGA that uses 

uniform random selection, without replacement, to select two 
parents from the current population (the roles of female and 
male parent are assigned randomly). Then, it applies the PNX 
operator to generate an offspring, Coff. As replacement policy, 
it considers the scaled probabilistic crowding (SPC) scheme: 

1) SPC scans nREP individuals of the population (authors 
considered nREP=2) and picks the individuals that most 
closely resemble the offspring, Ccst. 
2) Coff and Ccst enter a probabilistic tournament with culling 
likelihood (survival, if we were in a maximization problem) 
given by: 
 

bestcstoff

bestoff
off fCfCf

fCf
Cp

2)()(
)(

)(
−+

−
=  and )(1)( offcst CpCp −= , 

 
where )(⋅f  is the fitness function and bestf is the fitness 
function value of the best individual in the offspring and 
selected group of nREP individuals. 

 This replacement scheme has several beneficial features; 
first, it is a crowding method that may promote the creation of 
subpopulations to explore different regions of the search 
space, and second, it implements elitism in an implicit way: if 
the best individual in either offspring or current parent 
population enters this replacement competition will have 
probability zero of being culled. 

 

E. The G3-PCX Algorithm 
G3-PCX ([Deb02]) is a steady-state RCGA model in which 

the recombination and selection operators are intertwined in 
the following manner: 

1) From the population select the best parent and µ-1 other 
parents randomly. 
2) Generate λ offspring from the chosen parents using PCX. 
3) Choose two individuals at random from the population. 
4) Form a combined sub-population of chosen two 
individuals and offspring, choose the best two solutions and 
replace the chosen two elements with these solutions. 

The performance of the G3-PCX was investigated on three 
commonly-used test problems and was compared with a 
number of evolutionary and classical optimization algorithms. 
It was found to be consistently and reliably performing better 
than all other methods. Thus, G3-PCX arises as reference 
point in the PCCO research. In this paper, it is considered as 
baseline algorithm. 

III. A PROCESS FOR FEMALE AND MALE DIFFERENTIATION 
   Any individual in a population processed by the 

algorithms described in Sections II-C, II-D, and II-E may be 
selected as female or male parent. However, female and male 
parents have two different missions: female parents are the 
centers of the sampling zones whereas male parents determine 
the extent of these zones. Thus, we think that the 
differentiation of the chromosomes into two groups (GF and 
GM) may have drastic effects on PCCO performance.  

In this section, we present a process for female and male 
differentiation (FMD) that determines the individuals in the 
current population that may become female parents only, or 
male parents only, or, even, both female and male parents. 
This process should be carried out before the application of 
the female and male selection mechanisms (which will be 
applied on the corresponding groups). In this way, it may be 
considered as a preselection mechanism. 

The FMD process proposed needs two parameters, NF and 
NM, with NF ≤N and NM≤N (N is the population size) and 
obtains GF and GM as follows (see Figure 1): 

• GF consists of the NF best individuals in the population, 
and 

• GM is made of the NM best individuals in the 
population.  

In addition, it should be ensured that either NF =N  or NM =N 
is fulfilled. Next, we provide two remarks derived from this 
definition: 

1) In the case of NF=NM, there is not female and male 
differentiation, reaching the standard way of applying 
PCCOs. 

2) GF ∩ GM ≠∅, which means that some individuals may be 
both female and male parents (see Figure 1). In particular, the 
Nmin best individuals in the population have this characteristic, 
where Nmin = min{NF,NM}. We have assumed that these 
individuals may be well-suited to act as both female and male 
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parents. 
Another important feature of this FMD process is that it 

introduces selective pressure in the processes of selection of 
the female and male parents (which are applied later). In 
addition, we may point out that: 

• The impact of the NF parameter on this selective 
pressure is simple and predictable. 

• The range of selective pressure that can be made by 
varying the NF parameter is very large. 

These are two desirable features for a selection process 
([Bäc94]). On the one hand, when NF is low, high selection 
pressure degrees are achieved, which forces the search 
process to be very focused in the best regions. On the other 
hand, if NF is high, the selection pressure is softened, 
providing an extensive sampling on the search areas 
represented in the current population. 

The inclusion of the FMD process in the algorithms 
explained in Sections II-C, II-D, and II-E is straightforward. 
For example, for the case of the most sophisticate algorithm, 
the U&N-PBX (Section II-C), the FMD process is performed 
before the application of UFS and NAM (Steps 1 and 2), and 
returns GF and GM. Then, UFS selects a female parent from 
GF and NAM picks a male parent from GM. The remaining 
steps are accomplished following the usual way. 

Finally, we should recognize out that the idea of 
incorporating chromosome differentiation in GAs is not new: 

• Bandyopadhyay et al. ([Ban98]) claim that nature 
generally differentiates the individuals of a species into 
more than one class. Sexual differentiation is a typical 
example, where the individuals of a species generally 
belong to either male or female class. The prevalence of 
this form of differentiation indicates an associated 
advantage which appears to be in terms of cooperation 
between two dissimilar individuals, “who can at the 
same time specialize in their own fields”. These authors 
developed a GA with chromosome differentiation that 

distinguishes chromosomes into two categories (M and 
F), labeled by two class bits, and allows crossover only 
between different categories.  

• Goh et al. ([Goh03]) propose a selection mechanism for 
generational GAs inspired by sexual selection principles 
through female choice selection. First, the mechanism 
uses random separation of males and females. Then, it 
forces all females get to reproduce regardless of their 
fitness level, and selects the males using tournament 
selection (which is fitness biased). The authors 
proposed this selection scheme with the intent of having 
a clear and balanced separation of functions between 
exploration and exploitation. 

Next, in Sections III.A and B, we analyze empirically the 
effects of incorporating the FMD process in the U&N-PBX 
and SPC-PNX algorithms.  

A. Study of U&N-PBX with the FMD Process 
In this section, we investigate the way the application of the 

FMD process may affect the behaviour of the U&N-PBX 
algorithm (Section II-C). We have carried out minimization 
experiments on the test suite described in Appendix A 
considering different values for NF and NM (NF = 1, 5, 25, 50, 
100, 200, 300, and 400 individuals, and NM=25, 50, 100, 200, 
300, and 400 individuals). All the possible combinations of 
these values were investigated. The algorithms were executed 
50 times, each one with a maximum of 100,000 evaluations. 
Table B.I (Appendix B) shows the results obtained. The 
performance measure used is the average of the best fitness 
function found at the end of each run.  

Next, we examine the characteristics of the NF and NM 

combinations that reach the best solutions. Table II displays 
the fifteen combinations that returned the best results for each 
test problem in a sorted way. We have underlined, in boldface, 
the best combinations with NF=NM, which represent the 
standard way of implementing the U&N-PBX algorithm.  

TABLE II 
BEST NF AND NM VALUES USED BY  U&N-PBX WITH FMD 

sphf
 Rosf

 Schf
 Rasf

 Grif
 sleP

 

5, 100 5, 100 25, 50 400, 100 400, 300 200, 400 
5, 50 5, 200 50, 50 300, 100 200, 400 300, 400 
1, 200 5, 300 5, 100 200, 200 300, 300 400, 400 
25, 50 25 100 100, 25 400, 50 300, 400 50, 400 
5, 200 25 200 25, 100 100, 400 400, 200 400, 300 
1, 300 25 300 5, 200 200, 100 100, 300 300, 300 

25, 100 5 400 200, 25 100, 300 300, 200 400, 200 
5, 300 25 400 100, 50 100, 200 200, 300 100, 400 
1, 400 25 50 5, 300 300, 200 100, 400 200, 300 
50, 50 50 100 50, 100 200, 300 300, 100 300, 200 

100, 25 50 200 300, 25 300, 50 50, 400 100, 300 
5, 400 50 300 25, 200 50, 400 200, 200 50, 300 

200, 25 50, 50 5, 400 200, 50 100, 200 25, 400 
50, 25 50, 400 400, 25 400, 25 400, 400 200, 200 

25, 200 100, 50 200, 50 50, 300 25, 400 100, 200 

 
Fig. 1. Female and male differentiation imposed by the FMD process,
considering: a) NF<NM and b) NF>NM. (We assume that the two populations
are ordered based on the fitness values of the chromosomes) 
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For every test functions, the combination that achieves the 

best results fulfils that NF≠NM, that is, it implies female and 
male differentiation. We have applied a two-sided t-test (Ho: 
means of the two groups are equal, Ha: means of the two 
group are not equal) at 0.05 level of significance in order to 
ascertain if differences in the performance of the best 
combinations with NF≠NM are significant when compared 
against the one for the best combinations with NF=NM (we 
have introduced a ‘*’ sign when this occurs). Table III has the 
results. For most test functions, we may see that the female 
and male differentiation allows the performance of U&N-PBX 
to be improved. Only for fGri, a comparable behaviour is 
achieved.  

 

Another important observation, from Table II, is that the 
best solution for each problem is reached by using different 
values for NF and NM. In particular, we may remark the big 
differences between the best NF values for the multimodal and 
complex problems (fRas, fGri, and Psle) and the ones for the 
unimodal problems (fsph,  fRos, and fSch):   

 
• Low NF values (e.g. 5 or 25 individuals) induce very 

high selection pressures, which may be suitable to 
obtain accuracy on unimodal problems. However, this 
is not the unique determinant aspect to achieve success 
for this type of problems (and in particular in our case, 
since we follow a skewed initialisation (Section A.3 in 
Appendix A)). The use of high NM values (e.g. 50 or 
100 individuals) enlarges the sampling zones. This 
circumstance has produced synergetic effects with the 
selection pressure, ensuring that the algorithm may 
progress towards better zones. 

 
• The use of high NF values induces a scattered search, 

because different female parents become the centre of 
attention of the PCCO. This high exploration of the 
search space is essential to provide reliability for 
multimodal and complex problems. In addition, the 
application of very high NM values (e.g. 400 

individuals) reinforces this exploration ability, 
inducing a promising performance on the most 
complex problems (e.g. Psle).  

 

B. Study of SPC-PNX with the FMD Process 
In this section, we undertake the study of the application of 

the FMD process to the SPC-PNX algorithm (Section II.D). 
Our aim is to confirm that the use of this mechanism may 
improve as well the performance of this algorithm, and 
conclude, that it is a useful tool to empower RCGAs based on 
PCCOs.  

Tables B.II (Appendix B), IV, and V show the same 
information as Tables B.I, II, and III, but for the case of SPC-
PNX with the FMD process. Again, the best combinations 
adopt NF≠NM, and in general, they are significantly better than 
the best combinations with NF=NM (see Table V). In addition, 
we observe again the greater differences between the well-
suited NF values for the unimodal problems (e.g. 5 

TABLE III 
BEST COMBINATIONS WITH NF≠ NM VERSUS BEST COMBINATIONS  

WITH  NF=NM  (U&N-PBX WITH FMD) 
Test 

Problem NF ,NM 
Average 

Best Fitness 
5, 100 * 9.98e-187 

sphf
 50, 50 6.19e-095 

5, 100 * 1.56e+000 
Rosf

 50, 50 1.46e+001 

25, 50 * 1.01e-012 
Schf

 50, 50 3.54e-010 

400, 100 * 2.60e+000 
Rasf

 200, 200 3.58e+000 

400, 300 3.48e-004 
Grif

 300, 300 5.42e-004 

200, 400 * 5.45e+000 
sleP

 400, 400 7.84e+000 

 

TABLE IV 
BEST NF AND NM VALUES USED BY  SPC-PNX WITH FMD 

sphf
 Rosf

 Schf
 Rasf

 Grif
 sleP

 
5, 100 5, 200 5, 400 400, 100 200, 400 400, 300 
1, 200 5, 300 5, 200 100, 400 400, 300 300, 300 
1, 100 5, 100 5, 300 300, 100 400, 200 200, 200 
1, 300 5, 400 25, 100 200, 200 300, 200 200, 400 
5, 200 1, 300 100, 25 100, 300 300, 300 400, 400 
1, 400 1, 400 25, 50 100, 200 300, 100 300, 200 
5, 50 200, 25 50, 25 200, 100 400, 100 400, 200 
5, 300 1, 200 200, 25 400, 50 300, 400 400, 100 
25, 50 25, 100 25, 200 300, 200 100, 300 200, 300 
50, 25 25, 50 50, 50 50, 400 100, 400 300, 400 

25, 100 100, 25 100, 50 100, 100 200, 300 100, 400 
100, 25 400, 25 50, 100 200, 300 200, 100 200, 100 
5, 400 25, 400 300, 25 50, 300 400, 50 300, 100 
25, 25 25, 300 25, 300 300, 50 100, 200 100, 300 
50, 50 25, 200 400, 25 200, 400 200, 200 100, 200 

 
TABLE V 

BEST COMBINATIONS WITH NF≠ NM VERSUS BEST COMBINATIONS  
WITH  NF=NM  (SPC-PNX WITH FMD) 
Test 

Problem NF ,NM 
Average 

Best Fitness 
5, 100 * 4.07e-072 

sphf
 50, 50 8.10e-035 

5, 200 * 9.88e+000 
Rosf

 50, 50 1.94e+001 

5, 400 * 6.10e-003 
Schf

 50, 50 3.40e-001 

400, 100 * 2.15e+001 
Rasf

 200, 200 2.45e+001 

200, 400 3.15e-003 
Grif

 300, 300 4.72e-003 

400, 300  4.15e+001 
sleP

 300, 300 4.25e+001 
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individuals) and  the ones for the complex and multimodal 
problems (e.g. 200 and 400 individuals). 

These results along with the ones in Section III.A suggest 
that the FMD process arises as a key mechanism for the 
design of effective RCGAs based on PCCOs. 

C. U&N-PBX with FMD versus SPC-PNX with FMD 
 In this section, we compare the best results of the U&N-

PBX algorithm with the FMD process with the ones of the 
SPC-PNX algorithm with the FMD process. Table VI has 
these results (for each problem, the first result is obtained 

from U&N-PBX). We indicate, with the ‘*’ sign, the result 
that becomes significantly the best, according to a t-test.  

We may remark that U&N-PBX with FMD outperforms the 
other algorithm on all the problems. We think that the 
application of the FMD process allows the operation of UFS 
and NAN to be more effective, providing very good solutions 
for all the test problems. 

IV. GLOBAL RCGAS AND LOCAL RCGAS  
An important conclusion obtained from Sections III.A and 

III.B is that the FDM process allows the application of PCCOs 
to be more effective. This is possible due to: 

• The large range of selective pressure obtained by 
varying NF, and  

• The possibility of supplying adequate exploration levels 
by controlling NM.  

These two characteristics allow us to design two different 
kind of specialized search algorithms:  

• RCGAs that reach accurate solutions when they deal 
with unimodal problems. An example may be U&N-
PBX with the FDM process using NF =5 and NM=100 
(see Table II). 

• RCGAs that offer reliable solutions when they attempt 
to solve multimodal and complex problems. An 
example may be  U&N-PBX with the FDM process 
adopting NF =200 and NM=400 (see Table II). 

In this paper, these algorithms will be termed local RCGAs 
and global RCGAs, respectively. 

In order to achieve a robust operation for problems with 
different characteristics, local and global RCGAs should be 

hybridized in such a way that their beneficial advantages 
might be offered simultaneously, allowing the most promising 
search space regions to be reached and refined. Thus, the 
objective of this section is the design of an hybrid RCGA 
model that might be suited to most practical problems. 

 

A. The Conflict between Accuracy and Reliability 
There exists a fundamental conflict between accuracy and 

reliability when searching for the global optimum in most 
practical problems ([Ren96]). Traditionally, this conflict was 
tackled by means of advanced genetic operators (e.g. the non-
uniform mutation operator proposed in [Mic92]), adaptation 
of GA control parameters ([Eib99]), heterogeneous distributed 
populations ([Her00]), etc. Nowadays, an alternative that 
receives special attention is the hybridization of GAs with 
other search techniques. Three important examples are: 

 
• Memetic algorithms ([Mos99]). They are GAs that apply 

a separate local search process (which searches efficiently 
only for a local optimum) to members of the population 
after recombination and mutation. In this case, the local 
search procedure works within the GA. 

 
• Continuous hybrid algorithm ([Che03]). It comprises two 

main stages. The first stage involves the run of an RCGA. 
The second stage involves the application of a local 
search process to the best individual found by the RCGA.  

 
• Hybridization of GAs with different purposes. Kazarlis et 

al. ([Kaz01]) propose the use of a microgenetic algorithm 
(MGA) (GA with small population that evolves for a few 
generations) as a generalized hill-climbing operator. They 
combine a standard GA with the MGA to produce an 
hybrid genetic scheme. In contrast to conventional hill 
climbers that attempt independent steps along each axis, a 
MGA operator performs genetic local search. The authors 
claimed that the MGA operator is capable of evolving 
paths of arbitrary direction leading to better solutions and 
following potential ridges in the search space regardless 
of their direction, width, or even discontinuities. 

 
Lozano et al. ([Loz04a]) present a real-coded memetic 
algorithm that applies a real-parameter crossover hill-
climbing. This hill-climbing maintains a pair of parents 
and performs repeatedly crossover (the PBX operator 
(Section II.A)) on this pair until some number of 
offspring is reached. Then, the best offspring is selected 
and replaces the worst parent only if it is better. The 
authors claimed that this process may be conceived as a 
micro selecto-recombinative RCGA. 
 
 

B. Combining Global RCGAs and Local RCGAs 
In this section, we propose an hybrid RCGA model that 

combines a global RCGA (with G
FN  and G

MN as NF and NM 
values, respectively) and a local RCGA (with L

FN  and L
MN as 

TABLE VI 
U&N-PBX WITH FMD VERSUS SPC-PNX WITH FMD 

Test 
Problem NF ,NM 

Average 
Best Fitness 

5, 100 * 9.98e-187 
sphf

 5, 100 4.07e-072 

5, 100 * 1.56e+000 
Rosf

 5, 200 9.88e+000 

25, 50 * 1.01e-012 
Schf

 5, 400 6.10e-003 

400, 100 * 2.60e+000 
Rasf

 400, 100 2.15e+001 

400, 300 3.48e-004 
Grif

 200, 400 3.15e-003 

200, 400 * 5.45e+000 
sleP

 400, 300 4.15e+001 
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NF and NM values, respectively). The hybridization is 
accomplished following the idea of the continuous hybrid 
algorithm ([Che03]) because is very simple: first, it runs the 
global RCGA during the PG% of the available evaluations, 
and then, it performs the local RCGA. The initial population 
for the local RCGA consists of the Nmax best individuals in the 
final population of the global RCGA, where 
Nmax=max{ L

FN , L
MN }. 

This hybridization follows a classical heuristic: “to protect 
the exploration in the initial stages and the exploitation later”. 
This heuristic has been considered for designing other search 
techniques, such as simulated annealing. With the initial 
exploration, the diversity became greater, increasing the 
probability of finding zones which are close to optimal 
solutions. Then, supposing that the population has information 
about these zones, the convergence towards the optimum is 
produced through exploitation.  

We have implemented three instances of this hybrid model. 
The global RCGA is the U&N-PBX algorithm with FMD 
adopting G

FN =200 and G
MN =400. The local RCGA is the same 

algorithm but with L
FN =5 and L

MN =100. The instances are 
distinguished with regards to the values considered for PG 
(PG=25%, 50%, and 75%). They will be called GL-25, GL-50, 
and GL-75, respectively. Their results are outlined in Table 
VII. We have included the results for the local and global 
RCGAs when they are independently executed.  

We should point out that, for four problems, there exist 
instances of our hybrid RCGA model that perform better than 
the sole usage of the corresponding global and local RCGAs: 
fRos (GL-25), fRas (GL-50 and GL-75), fGri (GL-25, GL-50, and 
GL-75) and Psle (GL-25, GL-50, and GL-75). This means that 
the hybrid technique proposed is a suitable way to achieve 
synergy between global and local RCGAs.  

Another important observation is that GL-25 and GL-75 have 
returned solutions for fRos and fGri, respectively, which  are the 
best ones as compared with the solutions achieved by all the 
algorithms considered in this paper (See Table III and V). 
 

C. Comparison with other Algorithms 
The main aim of this section is to compare our hybrid 

RCGA method with the following algorithms: 
• The G3-PCX algorithm (proposed in [Deb02] and 

described in Section II.E), which is considered in this 
paper as baseline RCGA based on PCCOs. We implement 
several instances that use different λ values (λ=2, 3, and 
4), µ=3, and the population size is 150 individuals. The 

parameters for the PCX operator are: 2
ςσ =0.1 and 2

ησ =0.1. 

This setting was suggested by the authors. These 
algorithms will be referred as G3-PCX-λ. 

• The real-coded memetic algorithm with crossover hill-
climbing ([Loz04a]). Their authors claimed that this 
algorithm improves the performance of other real-coded 
memetic algorithms appeared in the literature. It will be 
called RCMA-XHC.  

• An hybrid algorithm that combines the CHC algorithm 
([Esh91]) with the Solis and Wets' algorithm ([Sol81]) 
following the idea of the continuous hybrid algorithm 
([Che03]). First, the CHC is performed during the PG% of 
the available evaluations, and then, the local searcher 
refines the best individual returned by CHC. We have 
considered PG=25%, 50%, and 75%. These algorithms 
will be termed CHC-SW-PG. CHC is very adequate for 
designing hybrid RCGAs, because it incorporates 
different techniques to promote high population diversity 
(incest prohibition and restart). Our CHC implementation 
applies PBX with α=1 ( [Loz04b]).  

We have chosen GL-25 (Table VII) for the comparison, 
because it shows an acceptable level of robustness. The results 
for all these algorithms are included in Table VIII. We have 
included the results for the CHC algorithm as well. A t-test 
was applied to detect significant differences between GL-25 
and the other algorithms. We denote the direction of any 
significant differences as follows: 

• A plus sign (+): the performance of GL-25 is better than 
the one of the corresponding algorithm. 

• A minus sign (-): the algorithm improves the 
performance of GL-25. 

• An approximate sign (~): non significant differences. 
In order to facilitate the analysis of these results, we have 

included in Table VIII the last three columns. They have the 
number of improvements, reductions, and non-differences, 
according to the t-test. 

We may remark that, in general, GL-25 outperforms all the 
other algorithms, because it achieves remarkable amount of 
improvements and few reductions. In addition, GL-25 
provides the best results for four out six test problems: fRos, 
fRas, fGri, and Psle. Therefore, we may summarize that our 
proposal of combining global and local RCGAs is very 
competitive with state-of-the-art RCGAs. 

TABLE VII 
RESULTS FOR THE  HYBRID RCGA MODEL  

Algorithms sphf
 Rosf

 Schf
 Rasf

 Grif
 sleP

 
Local RCGA 9.98e-187 1.56e+000 1.74e-009 2.90e+002 1.27e-002 1.64e+002 

GL-25 3.17e-147 7.61e-001 1.61e-007 1.33e+001 2.22e-017 4.69e+000 
GL-50 1.29e-104 6.03e+000 1.22e-005 8.26e+000 1.33e-017 3.25e+000 
GL-75 3.94e-061 1.22e+001 3.26e-002 3.74e+000 0.00e+000 2.72e+000 

Global RCGA 2.95e-018 1.91e+001 3.12e+001 1.92e+001 4.93e-004 5.45e+000 
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The CHC-SW and G3-PCX instances significantly improve 
the results of GL-25 on two unimodal problems: fsph, and  fSch. 
On the one hand, the Solis and Wets' algorithm is a local 
searcher that becomes effective for this type of problems. On 
the other, G3-PCX always considers the best individual in the 
population as parent. This favors an exhaustive exploitation of 
the zones located around this individual. For some unimodal 
functions, this may cause a successful operation. 

V. CONCLUSIONS  
This paper presented an FMD process that assigns to the 

chromosomes in the population the role of female or/and male 
parent, before the application of a particular PCCO instance.  

An experimental study has shown that this process may 
empower the work of PCCOs when its associated parameters, 
NF and NM, are adequately adjusted. We have made use of this 
fact to design reliable global RCGAs and accurate local 
RCGAs.  

Finally, with the aim of achieving a robust operation, we 
have followed a simple hybridization technique to put together 
these specialized search algorithms. We have confirmed 
empirically that this technique allows synergy to occur 
between global and local RCGAs, that is, their combination 
performs better than the sole usage of any of them. In 
addition, in general, it improves the performance of the G3-
PCX algorithm (considered here as baseline RCGA based on 
PCCOs) and other recent hybrid RCGA instances proposed in 
the literature.  

In essence, the research line initiated with the present work 
is indeed worth of further studies. We are currently extending 
our investigation to different test-suites and real-world 
problems. Also we intend to: 1) design adaptive FMD 
processes that select female and male parents depending on 
the current state of the search, 2) study the effectiveness of the 
FMD process when multiparent crossover operators are 
applied (e.g. PCX (Section II.A)), and 3) study adaptive 
mechanisms to adjust the PG parameter required by the hybrid 
RCGA model proposed.  

APPENDIX A. TEST SUITE 
The test suite that we have used for the experiments 

consists of five test functions and one real-world problem. 
They are described in Subsections A.1 and A.2, respectively. 

A.1. TEST FUNCTIONS 
We have considered five frequently used test functions, 

which are described below. The dimension of the search space 
is 15 for Grif  and 25 for the remaining test functions. 

Sphere model ([DeJ75]).   

∑
=

=
n

i
iSph xxf

1

2)(  

.0)(,25,12.512.5 * ==≤≤− xfnx Sphi   
 
Generalised Rosenbrock’s function ([DeJ75]). 

))1()(100()( 222
1

1

1
−+−= +

−

=
∑ iii

n

i
Ros xxxxf      

.0)(,25,12.512.5 * ==≤≤− xfnx Rosi  
 
Schwefel’s function 1.2 ([Sch81]).  

∑∑
= =

=
n

i

i

j
jSch xxf

1 1

2)(  

.0)(,25,536.65536.65 * ==≤≤− xfnx Schi  
 
Generalised Rastrigin’s function ([Tör89]). 

)cos()(
1

2
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i
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=

ω  

.0)(,25,12.512.5,2,10 * ==≤≤−⋅== xfnxa Rasiπω  
 
Griewangk’s function ([Gri81]). 
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=
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The main features of these functions are: 

TABLE VIII 
COMPARISON OF GL-25 WITH OTHER ALGORITHMS 

Algorithms sphf
 Rosf

 Schf
 Rasf

 Grif
 sleP

 
+ ~ - 

G3-PCX-2 6.77e-176 - 1.13e+001 + 5.62e-022 - 4.90e+002 + 1.56e-001 + 4.36e+002 + 4 0 2 

G3-PCX-3 4.70e-166 - 2.10e+000 + 1.67e-028 - 4.82e+002 + 9.47e-002 + 2.32e+002 + 4 0 2 

G3-PCX-4 8.56e-146 + 1.45e+000 + 4.27e-028 - 4.88e+002 + 4.45e-002 + 1.52e+002 + 5 0 1 

RCMA-XHC 9.47e-100 + 2.85e+000 + 9.48e-007 + 1.24e+001 ~ 4.71e-002 + 1.87e+002 + 5 1 0 

CHC 6.02e-031 + 1.89e+001 + 3.57e-002 + 1.93e+001 +  5.72e-003 + 6.48e+001 + 6 0 0 

CHC-SW-25 3.41e-322 - 5.59e+000 + 1.91e-031 - 2.61e+001 + 5.27e-003 + 8.13e+001 + 4 0 2 

CHC-SW-50 3.80e-322 - 8.99e+000 + 8.51e-022 - 2.72e+001 + 4.93e-003 + 6.98e+001 + 4 0 2 

CHC-SW-75 5.30e-205 - 1.31e+001 + 3.97e-012 - 2.15e+001 + 5.91e-003 + 8.60e+001 + 4 0 2 

GL-25 3.17e-147 7.61e-001 1.61e-007 1.33e+001 2.22e-017 4.69e+000    
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• sphf  is a continuous, strictly convex, and unimodal 
function.  

• Rosf is a continuous and unimodal function, with the 
optimum located in a steep parabolic valley with a flat 
bottom. This feature will probably cause slow progress 
in many algorithms since they must continually change 
their search direction to reach the optimum. This 
function has been considered by some authors to be a 
real challenge for any continuous function optimisation 
program ([Sch94]). A great part of its difficulty lies in 
the fact that there are nonlinear interactions between the 
variables, i.e., it is nonseparable ([Whi96]). 

• Schf is a continuous and unimodal function. Its difficulty 
concerns the fact that searching along the coordinate 
axes only gives a poor rate of convergence, since the 
gradient of Schf  is not oriented along the axes. It 

presents similar difficulties to Rosf , but its valley is 
much narrower. 

• Rasf  is a scalable, continuous, and multimodal function,  

which is made from sphf by modulating it with  

)cos( ixa ⋅⋅ ω . 

• Grif is a continuous and multimodal function. This 
function is difficult to optimise because it is 
nonseparable ([Müh91]) and the search algorithm has to 
climb a hill to reach the next valley. Nevertheless, one 
undesirable property exhibited is that it becomes easier 
as the dimensionality is increased ([Whi96]). In 
particular, in [Yan00], it is suggested that this function 
becomes easier when its dimension exceeds 15. 

 

A.2. REAL-WORLD PROBLEM 
As real-world problem we have introduced a system of  

linear equations ([Esh97]). The problem to be solved is to 
obtain the elements of a vector X,  given the matrix A and 
vector B in the expression: A·X = B. The evaluation function 
used for these experiments is: 

∑∑
= =

−⋅=
n

i

n

j
jjijnsle bxaxxP

1 1
1 .)(),...,(  

Clearly, the best value for this objective function 
is 0)( * =xPsle . Inter-parameter linkage (i.e., non-linearity)  
is controlled easily in systems of linear equations; their non-
linearity does not deteriorate as increasing numbers of 
parameters are used, and they have proven to be quite 
difficult.  

 We have studied an example of a ten-parameter problem. 
We have considered that 127127 ≤≤− ix  and the 
following matrices:  

 
 
 

 
 

5 4 5 2 9 5 4 2 3 1  1  40 
9 7 1 1 7 2 2 6 6 9  1  50 
3 1 8 6 9 7 4 2 1 6  1  47 
8 3 7 3 7 5 3 9 9 5  1  59 
9 5 1 6 3 4 2 3 3 9  1 45 
1 2 3 1 7 6 6 3 3 3  1 = 35 
1 5 7 8 1 4 7 8 4 8  1  53 
9 3 8 6 3 4 7 1 8 1  1  50 
8 2 8 5 3 8 7 2 7 5  1  55 
2 1 2 2 9 8 7 4 4 1  1  40 

A.3. SKEWED INITIALISATION 
In our experiments, we have applied a skewed initialisation 

that forces the initial population to be away from the global 
basin. This is made due to two reasons ([Deb02]):  

1 To prevent the advantage enjoyed by algorithms which 
have inherent tendency to create solutions near the 
centroid of the parents. 

2 To make sure that an algorithm must overcome a 
number of local minima to reach the global basin when 
dealing with multimodal functions. 

Table A.I shows the ranges associated with the parameters 
of each test problem to carry out the skewed initialisation of 
the population.  
 

APPENDIX B. RESULTS OF U&N-PBX AND SPC-PNX WITH FMD 
Tables B.I and B.II show the results obtained from the 

incorporation process to the U&F-PBX AND SPC-PNX 
algorithms. 
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TABLE A.I 
RANGES FOR INITIALISATION 

sphf Rosf
 Schf

 Rasf
 Grif

 sleP
 

[4, 5] [-5, -4] [60, 65] [4, 5] [580, 600] [-120, -100] 
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TABLE B.I 
RESULTS OF  U&N-PBX WITH FMD 

NF   NM sphf  Rosf  Schf  Rasf  Grif  sleP  

1 25 1.90e+002 3.36e+005 5.70e+006 5.04e+002 5.90e+002 7.59e+003 
1 50 3.19e+001 1.85e+004 1.94e+006 4.61e+002 1.46e+002 4.11e+003 
1 100 2.86e-005 4.92e+001 2.29e+005 4.41e+002 2.80e+001 2.21e+003 
1 200 2.46e-144 2.13e+001 2.61e+004 4.34e+002 3.57e+000 9.85e+002 
1 300 4.92e-116 1.59e+001 8.34e+003 4.16e+002 5.21e+000 7.03e+002 
1 400 5.10e-095 1.95e+001 3.06e+003 4.19e+002 7.44e-002 3.90e+002 
5 25 9.17e+001 1.75e+005 1.17e+005 4.00e+002 3.14e+002 2.70e+003 
5 50 6.21e-146 2.89e+001 2.81e+003 3.50e+002 1.04e+001 5.94e+002 
5 100 9.98e-187 1.56e+000 1.74e-009 2.90e+002 1.27e-002 1.64e+002 
5 200 2.76e-129 2.33e+000 3.09e-009 2.22e+002 1.41e-002 8.86e+001 
5 300 8.99e-098 7.67e+000 1.05e-006 2.06e+002 1.18e-002 5.09e+001 
5 400 2.53e-079 1.16e+001 7.60e-005 1.85e+002 1.49e-002 3.82e+001 
25 25 9.24e-007 3.27e+003 3.69e+003 2.02e+002 2.22e+001 5.78e+002 
25 50 1.64e-130 1.33e+001 1.01e-012 1.34e+002 1.07e-002 1.47e+002 
25 100 3.31e-104 9.48e+000 2.68e-009 6.62e+001 6.70e-003 6.50e+001 
25 200 1.05e-074 9.80e+000 6.66e-005 4.48e+001 2.56e-003 3.85e+001 
25 300 1.24e-059 1.08e+001 3.82e-003 2.37e+001 3.45e-003 2.10e+001 
25 400 4.18e-050 1.23e+001 3.43e-002 1.84e+001 2.51e-003 1.46e+001 
50 25 5.98e-076 2.53e+001 1.74e-003 1.21e+002 2.67e+000 4.50e+002 
50 50 6.19e-095 1.46e+001 3.54e-010 4.97e+001 6.45e-003 8.96e+001 
50 100 1.29e-072 1.37e+001 3.85e-006 2.39e+001 4.73e-003 5.61e+001 
50 200 1.15e-053 1.38e+001 4.15e-003 1.26e+001 2.86e-003 2.77e+001 
50 300 9.83e-044 1.45e+001 9.00e-002 1.04e+001 2.71e-003 1.43e+001 
50 400 1.82e-037 1.51e+001 5.36e-001 7.80e+000 1.38e-003 8.59e+000 
100 25 1.15e-088 2.45e+001 2.45e-009 5.37e+001 1.84e-002 2.50e+002 
100 50 1.29e-071 1.55e+001 1.00e-006 1.94e+001 5.07e-003 1.19e+002 
100 100 2.28e-049 1.60e+001 2.20e-003 1.10e+001 3.30e-003 3.32e+001 
100 200 5.59e-037 1.65e+001 2.34e-001 6.27e+000 1.58e-003 1.79e+001 
100 300 9.01e-031 1.71e+001 1.45e+000 5.32e+000 9.37e-004 1.33e+001 
100 400 1.06e-026 1.75e+001 4.58e+000 4.24e+000 1.18e-003 1.05e+001 
200 25 2.19e-078 2.53e+001 3.96e-007 1.86e+001 6.99e-003 1.49e+002 
200    50 8.56e-052 1.65e+001 6.07e-004 7.92e+000 4.04e-003 6.90e+001 
200 100 6.31e-035 1.73e+001 9.10e-002 5.15e+000 2.76e-003 2.02e+001 
200 200 1.22e-024 1.83e+001 3.40e+000 3.58e+000 1.53e-003 1.61e+001 
200 300 9.95e-021 1.88e+001 1.45e+001 6.64e+000 1.04e-003 1.07e+001 
200 400 2.95e-018 1.91e+001 3.12e+001 1.92e+001 4.93e-004 5.45e+000 
300 25 3.22e-068 1.85e+001 1.37e-005 1.13e+001 4.78e-003 1.28e+002 
300 50 2.72e-044 1.70e+001 1.40e-002 6.81e+000 3.74e-003 5.04e+001 
300 100 1.09e-027 1.81e+001 6.89e-001 3.33e+000 1.23e-003 1.94e+001 
300 200 5.19e-020 1.89e+001 1.18e+001 6.32e+000 9.86e-004 1.16e+001 
300 300 3.17e-016 1.96e+001 3.76e+001 3.80e+001 5.42e-004 9.13e+000 
300 400 2.53e-014 1.98e+001 7.35e+001 6.58e+001 5.92e-004 7.45e+000 
400 25 3.47e-061 1.87e+001 2.96e-004 8.08e+000 7.44e-003 1.10e+002 
400 50 1.28e-039 1.74e+001 9.27e-002 4.16e+000 2.86e-003 3.73e+001 
400 100 1.71e-024 1.85e+001 2.53e+000 2.60e+000 3.10e-003 2.43e+001 
400 200 7.73e-017 1.94e+001 2.35e+001 3.45e+001 6.41e-004 1.01e+001 
400 300 4.93e-014 1.99e+001 7.18e+001 6.72e+001 3.48e-004 8.83e+000 
400 400 5.35e-012 2.03e+001 1.38e+002 9.71e+001 1.77e-003 7.84e+000 
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TABLE B.II 
RESULTS OF SPC-PNX WITH FMD 

NF NM  sphf
 Rosf

 Schf
 Rasf

 Grif
 sleP

 
1 25 2.63e+000 1.42e+003 6.96e+005 4.20e+002 2.65e+001 2.00e+003 
1 50 9.96e-003 1.43e+002 3.03e+004 3.98e+002 1.42e+001 1.05e+003 
1 100 1.08e-071 3.38e+001 8.51e+003 3.91e+002 1.61e-001 7.47e+002 
1 200 4.64e-072 1.71e+001 1.92e+003 3.93e+002 1.14e-001 4.95e+002 
1 300 7.20e-065 1.37e+001 6.25e+002 3.90e+002 5.88e-002 4.51e+002 
1 400 6.95e-055 1.62e+001 2.70e+002 3.89e+002 7.45e-002 3.73e+002 
5 25 7.64e-001 1.36e+003 1.85e+004 3.71e+002 3.13e+001 1.14e+003 
5 50 1.16e-054 2.37e+001 2.74e+003 3.55e+002 5.33e+000 6.34e+002 
5 100 4.07e-072 1.14e+001 3.74e+001 3.28e+002 4.49e-002 4.09e+002 
5 200 7.80e-060 9.88e+000 7.69e-003 3.23e+002 2.99e-002 2.69e+002 
5 300 7.88e-051 1.09e+001 1.35e-002 3.11e+002 2.88e-002 2.52e+002 
5 400 1.67e-043 1.24e+001 6.10e-003 2.89e+002 3.22e-002 2.68e+002 
25 25 2.74e-036 2.37e+001 7.63e+000 2.22e+002 7.23e-002 4.71e+002 
25 50 1.89e-050 1.78e+001 5.39e-002 1.81e+002 3.10e-002 3.48e+002 
25 100 5.34e-044 1.74e+001 2.27e-002 1.44e+002 1.99e-002 2.20e+002 
25 200 8.36e-033 1.89e+001 1.55e-001 9.98e+001 1.39e-002 1.84e+002 
25 300 7.19e-027 1.87e+001 6.70e-001 9.18e+001 1.52e-002 1.57e+002 
25 400 3.55e-023 1.81e+001 1.70e+000 7.58e+001 1.69e-002 1.35e+002 
50 25 2.73e-050 2.14e+001 9.79e-002 1.87e+002 2.47e-002 4.04e+002 
50 50 8.10e-035 1.94e+001 3.40e-001 8.81e+001 2.04e-002 2.13e+002 
50 100 6.99e-030 1.94e+001 5.62e-001 6.91e+001 1.27e-002 1.58e+002 
50 200 1.81e-022 1.92e+001 3.24e+000 5.25e+001 1.18e-002 1.17e+002 
50 300 1.81e-018 1.91e+001 1.20e+001 4.31e+001 9.60e-003 1.25e+002 
50 400 5.39e-016 2.05e+001 2.34e+001 3.58e+001 9.65e-003 1.10e+002 
100 25 5.77e-044 1.80e+001 3.14e-002 1.63e+002 2.23e-002 2.57e+002 
100 50 1.85e-030 1.99e+001 5.59e-001 7.73e+001 1.98e-002 1.40e+002 
100 100 7.34e-018 1.98e+001 1.76e+001 3.70e+001 1.60e-002 9.63e+001 
100 200 1.16e-014 2.03e+001 4.59e+001 2.85e+001 8.91e-003 8.62e+001 
100 300 3.41e-012 2.04e+001 8.57e+001 2.52e+001 6.50e-003 8.25e+001 
100 400 1.24e-010 2.07e+001 1.48e+002 2.29e+001 6.75e-003 7.46e+001 
200 25 2.79e-033 1.70e+001 1.26e-001 1.11e+002 1.71e-002 1.95e+002 
200 50 9.02e-023 1.94e+001 3.32e+000 5.04e+001 1.20e-002 1.35e+002 
200 100 8.27e-015 2.02e+001 4.49e+001 3.13e+001 7.68e-003 8.02e+001 
200 200 2.87e-008 2.10e+001 3.38e+002 2.45e+001 9.45e-003 4.51e+001 
200 300 1.49e-007 2.13e+001 4.42e+002 3.93e+001 7.04e-003 6.34e+001 
200 400 1.09e-006 2.15e+001 5.78e+002 4.99e+001 3.15e-003 5.14e+001 
300 25 3.62e-027 1.89e+001 5.98e-001 8.70e+001 1.25e-002 1.47e+002 
300 50 1.39e-018 1.94e+001 1.10e+001 4.53e+001 9.60e-003 1.18e+002 
300 100 3.07e-012 2.04e+001 9.15e+001 2.44e+001 4.97e-003 8.14e+001 
300 200 1.45e-007 2.13e+001 4.71e+002 3.40e+001 4.43e-003 5.44e+001 
300 300 4.18e-005 2.21e+001 1.02e+003 9.53e+001 4.72e-003 4.25e+001 
300 400 8.03e-005 2.23e+001 1.09e+003 1.06e+002 5.79e-003 6.40e+001 
400 25 2.57e-023 1.80e+001 1.46e+000 7.49e+001 1.19e-002 1.56e+002 
400 50 4.17e-016 1.94e+001 2.43e+001 3.25e+001 8.66e-003 1.19e+002 
400 100 1.15e-010 2.06e+001 1.43e+002 2.15e+001 5.02e-003 6.28e+001 
400 200 1.11e-006 2.15e+001 6.17e+002 5.30e+001 3.84e-003 6.01e+001 
400 300 8.62e-005 2.22e+001 1.12e+003 1.09e+002 3.83e-003 4.15e+001 
400 400 1.76e-003 2.39e+001 1.68e+003 1.31e+002 7.60e-002 5.43e+001 
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