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 a b s t r a c t

The Multiple Instance Learning (MIL) paradigm is attracting plenty of attention in medical imaging classification, 
where labeled data is scarce. MIL methods cast medical images as bags of instances (e.g. patches in whole slide 
images, or slices in CT scans), and only bag labels are required for training. Deep MIL approaches have obtained 
promising results by aggregating instance-level representations via an attention mechanism to compute the bag-
level prediction. These methods typically capture both local interactions among adjacent instances and global, 
long-range dependencies through various mechanisms. However, they treat attention values deterministically, 
potentially overlooking uncertainty in the contribution of individual instances.  In this work we propose a novel 
probabilistic framework that estimates a probability distribution over the attention values, and accounts for both 
global and local interactions. In a comprehensive evaluation involving eleven state-of-the-art baselines and three 
medical datasets, we show that our approach achieves top predictive performance in different metrics. Moreover, 
the probabilistic treatment of the attention provides uncertainty maps that are interpretable in terms of illness 
localization.

1.  Introduction

Multiple Instance Learning (MIL) is a popular machine learning 
framework in which the model is trained on sets of instances, called 
bags, rather than individual instances [1]. Unlike the traditional super-
vised learning framework, which needs the label of each instance, in 
MIL only the label of the bag is required. This approach is particularly 
beneficial in scenarios where labelling many individual instances is im-
practical or prohibitively expensive. This is especially relevant in the 
context of medical imaging, where annotations are extremely costly [2]. 
Fig. 1 shows two illustrative examples of MIL problems within this con-
text: (i) cancer detection from Whole Slide Images (WSIs), where the 
WSI represents the bag, and the patches are the instances; and (ii) in-
tracranial hemorrhage detection from Computerized Tomographic (CT) 
scans, where the full scan represents the bag and the slices at different 
heights are the instances.

Several methods have been proposed for learning in the MIL sce-
nario, with Deep Learning (DL) approaches achieving remarkable
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results [2]. A seminal work in the area was the one by Ilse et al. [3], 
which proposes the attention-based MIL (ABMIL) method. ABMIL fea-
tures an attention mechanism with the ability to focus on the most rel-
evant instances. The attention assigned to each instance can serve as a 
proxy to find instances with a positive label, i.e., those showing evidence 
of the disease or injury. With this in mind, the attention mechanism has 
been improved in various ways [4–6]. However, these methods have 
a major limitation: they are unable to capture interactions between in-
stances because the attention mechanism treats them independently. Ul-
timately, this negatively affects the discriminative performance of these 
approaches. Based on the existing literature, two types of interactions 
among instances have been considered: global and local.

Global interactions are those that may exist between any pair of in-
stances in a bag. Shao et al. [7] showed that they can contain important 
information and proposed the TransMIL model, which includes a Trans-
former encoder to capture them. Note that the self-attention mechanism 
used in Transformers is a natural choice to model these interactions since 
it computes a similarity score between each pair of instances. For this 
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Fig. 1. Two modalities of MIL medical images: (a) a whole slide image (WSI) por tumour detection and (b) a CT scan for hemorrhage detection. The red color 
indicates malignant/hemorrhage patches/slices, respectively. During training, instance labels are not known, and only a global bag-level label is available. Note that 
these labels show spatial dependencies: a patch/slice is usually surrounded by patches/slices with the same label. (For interpretation of the references to colour in 
this figure legend, the reader is referred to the web version of this article.)

reason, different variations of this mechanism were included to boost the 
performance of existing MIL models [8–10]. Local interactions are those 
that exist between neighboring instances. A natural way of modeling 
them is to treat each bag as a graph, where the instances are the nodes 
and the edges between them represent these local interactions. This is 
the approach followed by recent works, which have exploited them in 
combination with global interactions [9,11–13] and alone using Graph 
Neural Networks [14,15]. Note that an important difference between 
global and local interactions is that global interactions are learned from 
the data, while local interactions are known beforehand and encoded 
into the model.

Recently, we proposed an interesting way of leveraging local inter-
actions, called Smooth Attention (SA) [16]. It is based on the idea that, 
in CT scans, a slice is usually adjacent to slices with the same label, see 
Fig. 1(b). Since the attention values act as a proxy to estimate these la-
bels, they should inherit this property. To enforce this spatial constraint, 
SA proposes a novel regularization term based on the Dirichlet energy 
[17], which is used to train the ABMIL model. It obtained very promising 
results in the intracranial hemorrhage (ICH) detection task, outperform-
ing the vanilla ABMIL and other related approaches. However, SA does 
not account for global correlations, and it estimates attention values de-
terministically.

The deterministic nature of SA and the other previously mentioned 
methods prevents them from expressing uncertainty in their predictions. 
However, the ability to model uncertainty is a crucial requirement in 
medical diagnosis. To address this limitation, we propose the Proba-
bilistic Smooth Attention (ProbSA) framework – a probabilistic general-
ization of SA – which introduces the following key contributions: 
1. ProbSA provides a general probabilistic formulation. When a deter-
ministic procedure is used for inference, we recover SA as a particu-
lar case. When Bayesian inference is leveraged instead, we obtain a 
new method that estimates attention values through a full probabil-
ity distribution. As we will see, this yields enhanced predictive per-
formance and allows for uncertainty estimation in the predictions.

2. ProbSA handles both local and global interactions. We explain how 
the local interactions in [16] can be combined with global interac-
tions to yield a new method superior to the current state-of-the-art 
(SOTA) approaches, which usually leverage both types of interac-
tions.

3. We provide a comprehensive evaluation as required for archival 
work. ProbSA is evaluated using three different datasets (two more 
than 16) covering two different medical imaging problems: can-
cer detection in WSIs and hemorrhage detection in CT scans. Also, 

ProbSA is compared against ten SOTA methods in MIL (six more than 
those used in [16]).
The rest of the paper is organized as follows. Section 2 reviews the 

foundations of our work (ABMIL and SA). Section 3 presents the novel 
ProbSA framework, discussing the probabilistic model and inference as 
well as the combination with global interactions. Section 4 discusses the 
empirical evaluation of the model, including dataset description, exper-
imental setup, ablation study to understand ProbSA, and comparison 
against SOTA methods. Section 5 provides the main conclusions and 
limitations.

2.  Background

Section 2.1 describes the MIL problem and reviews the attention-
based MIL model (ABMIL) [3], which is at the basis of the proposed ap-
proach. Section 2.2 describes our deterministic approach to introduce 
smoothness in the attention values, previously published as Smooth At-
tention (SA).

2.1.  Attention-based multiple instance learning

In MIL, the training set consists of pairs of the form (𝐗, 𝑌 ), where 
𝐗 ∈ ℝ𝑁×𝑃  is a bag of instances and 𝑌 ∈ {0, 1} is the bag label. Each bag 
is composed of a variable number of instances, i.e., 𝐗 =

[

𝐱1,… , 𝐱𝑁
]𝑇 , 

where 𝐱𝑛 ∈ ℝ𝑃  are the instances. Each instance 𝐱𝑛 has an unobserved
label 𝑦𝑛 ∈ {0, 1} which is not available during training. It is assumed 
that 𝑌 = max

{

𝑦1,… , 𝑦𝑁
}

, that is, a bag 𝐗 is considered positive if and 
only if there is at least one positive instance in the bag. The goal is to 
learn a function that predicts the label of previously unseen bags.

Attention-based MIL (ABMIL) was proposed by Ilse et al. [3] to learn 
in this scenario. This method maps the input bag 𝐗 to a bag represen-
tation 𝐳 ∈ ℝ𝐷, which is later used to predict the bag label. To compute 
this representation they use the attention-based pooling, which assigns 
an attention value 𝑓𝑛 to each instance 𝐱𝑛. This value indicates its impor-
tance within the bag and can be used as a proxy to estimate the instance 
label 𝑦𝑛. Formally, 
𝐳 = 𝐇⊤ Sof tmax (𝐟 ), (1)

where 𝐇 =
[

ℎ
(

𝐱1
)

,… , ℎ
(

𝐱𝑁
)]⊤, ℎ∶ ℝ𝑃 → ℝ𝐷 is a neural network ap-

plied to each instance, 𝐟 = [

𝑓1,… , 𝑓𝑁
]⊤, and 𝑓𝑛 = 𝐰⊤ tanh

(

𝐖𝐡𝑛
)

, with 
𝐖 ∈ ℝ𝐷𝑓×𝐷 and 𝐰 ∈ ℝ𝐷𝑓  being trainable weights.

Note that in ABMIL both the intermediate embeddings 𝐡𝑛 and the at-
tention values 𝐟 are obtained by applying a transformation independently
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to each instance. As a result, they will be the same regardless of what 
other instances are in the bag or what structure the bag has. In other 
words, the dependencies between the instances are neglected.

2.2.  Smooth attention (SA): Deterministic attention smoothing

In order to take into account the dependencies between the instances 
during training, Smooth Attention (SA) [16] proposes to leverage the 
following property of medical images: if an instance shows evidence of 
a lesion, neighboring instances likely contain it too, see Fig. 1. Therefore, 
for the attention maps to estimate the instance labels accurately, they 
should also exhibit this smoothing property: the attention value assigned 
to an instance should be similar to the values assigned to surrounding 
instances.

SA restricts the solution space by discarding solutions with highly 
variable attention maps. This is achieved through the Dirichlet energy, 
a well-known functional that measures the variability of a function de-
fined on a graph [17]. For a function 𝐟 ∈ ℝ𝑁  defined on a graph with 
adjacency matrix 𝐀 =

[

𝐴𝑖𝑗
]

∈ ℝ𝑁×𝑁 , the Dirichlet energy of 𝐟 is given 
by, 

𝐷(𝐟 ,𝐀) =
1
2

𝑁
∑

𝑖=1

𝑁
∑

𝑗=1
𝐴𝑖𝑗

(

𝑓𝑖 − 𝑓𝑗
)2 = 𝐟⊤𝐋𝐟 , (2)

where 𝐋 is the graph Laplacian matrix 𝐋 = 𝐃 − 𝐀, and 𝐃 ∈ ℝ𝑁×𝑁  is the 
degree matrix, 𝐃 = Diag

(

𝐷1,… , 𝐷𝑁
)

, 𝐷𝑛 =
∑

𝑖 𝐴𝑛𝑖. SA treats the atten-
tion values as a function defined on the bag graph, which is defined by 
𝐴𝑖𝑗 > 0 if instances 𝐱𝑖 and 𝐱𝑗 are neighbors, and 𝐴𝑖𝑗 = 0 otherwise.

The Dirichlet energy is used to define a regularization term that pe-
nalizes solutions with highly variable attention maps. Formally, given a 
dataset of bags {𝐗1,… ,𝐗𝐵

}

, with corresponding bag labels {𝑌1,… , 𝑌𝐵
}

and adjacency matrices {𝐀1,… ,𝐀𝐵
}

, SA uses the architecture proposed 
in ABMIL and seeks to minimize the following objective, 
𝐵
∑

𝑏=1

{

− log p
(

𝑌𝑏 ∣ 𝐗𝑏
)

+ 𝜆𝐷
(

𝐟𝑏,𝐀𝑏
)}

, (3)

where p(𝑌𝑏 ∣ 𝐗𝑏
)

= Bernouilli
(

𝑌𝑏 ∣ 𝜓
(

𝐇𝑏
⊤ Sof tmax

(

𝐟𝑏
)))

, 𝜆 > 0 is an hy-
perparameter, 𝜓 ∶ ℝ𝐷 → [0, 1] is the bag classifier, 𝐇𝑏 and 𝐟𝑏 are as in 
Eq. (1).

SA achieved very promising results in the task of hemorrhage de-
tection, and here we extend it in two ways. First, since its architecture 
is based on ABMIL, it does not include global interactions, which has 
proven successful in previous works. Second, like the rest of current 
SOTA deep MIL methods, it is a deterministic approach. By estimat-
ing a probability distribution over the attention values, we will achieve 
enhanced discriminative performance as well as interpretable uncer-
tainty estimations. In the following section, we propose the Probabilistic 
Smooth Attention (ProbSA) framework, a generalization of SA that ad-
dresses these two aspects.

3.  Probabilistic smooth attention (ProbSA)

In this section, we describe the novel Probabilistic Smooth Attention 
framework. Section 3.1 describes the Bayesian formulation of the model. 
In Section 3.2 we describe how to include global interactions in the 
architecture of the proposed methodology. Finally, Section 3.3 provides 
an overview of the different model variants proposed in this work.

3.1.  Model formulation

We assume we are given a training set of bags  =
{

𝐗1,… ,𝐗𝐵
}

, 
with corresponding bag labels  =

{

𝑌1,… , 𝑌𝐵
} and adjacency matri-

ces  =
{

𝐀1,… ,𝐀𝐵
}

. Recall that 𝐗𝑏 ∈ ℝ𝑁𝑏×𝐷, 𝑌𝑏 ∈ {0, 1}, and 𝐀𝑏 ∈
ℝ𝑁𝑏×𝑁𝑏 . Since we will be dealing with bags of different sizes, in the 
following we denote ℝℕ×𝐷 = ∪𝑚∈ℕℝ𝑚×𝐷,ℝℕ = ∪𝑚∈ℕℝ𝑚, and (0,+∞)ℕ =
∪𝑚∈ℕ(0,+∞)𝑚.

Probabilistic model and inference. We model the attention values of 
each bag 𝐗𝑏 as an unobserved latent variable 𝐟𝑏. The smoothing property 
is encoded as a prior distribution given by 
p
(

𝐟𝑏 ∣ 𝐀𝑏
)

∝ exp
(

−𝐷
(

𝐟𝑏,𝐀𝑏
))

. (4)

This corresponds to the conditional and simultaneous autoregressive 
models in the statistics literature [18]. Following ABMIL [3], the at-
tention values are used to compute the bag label likelihood, 
p(𝑌𝑏 ∣ 𝐗𝑏, 𝐟𝑏) = Bernouilli

(

𝑌𝑏 ∣ 𝜓
(

𝐇⊤
𝑏 Sof tmax

(

𝐟𝑏
)

))

, (5)

where 𝐇𝑏 = 𝐻
(

𝐗𝑏
)

, 𝐻 ∶ ℝℕ×𝑃 → ℝℕ×𝐷 is a bag transformation, and 
𝜓 ∶ ℝ𝐷 → [0, 1] is the bag classifier. Note that in the original ABMIL 
and in SA the bag transformation 𝐻 is implemented by applying a neu-
ral network independently to every instance. We will explain how to 
include global interactions in 𝐻 in Section 3.2. Finally, the joint proba-
bilistic model is obtained assuming independence across bags, 

p( , ∣  ,) =
𝐵
∏

𝑏=1
p(𝑌𝑏 ∣ 𝐗𝑏, 𝐟𝑏)p(𝐟𝑏 ∣ 𝐀𝑏), (6)

where  =
{

𝐟1,… , 𝐟𝐵
}

. Making predictions in this model requires com-
puting the posterior of the bag label given the observations. More pre-
cisely, given a new bag 𝐗∗, the corresponding bag label 𝑌 ∗ is obtained 
from, 

p(𝑌 ∗ ∣ 𝐗∗,) = ∫ p(𝑌 ∗ ∣ 𝐗∗, 𝐟∗)p(𝐟∗ ∣ 𝐗∗,)d𝐟∗. (7)

However, computing the posterior p(𝐟 ∣ 𝐗,) in closed form is not pos-
sible. To address this, we follow the Variational Inference (VI) [19] ap-
proach: we approximate it using a variational distribution q(𝐟 ∣ 𝐗,), 
which we write as q(𝐟 ∣ 𝐗) in what follows. Using the variational distri-
bution, we can make predictions using
p(𝑌 ∗ ∣ 𝐗∗,) ≈ ∫ p(𝑌 ∗ ∣ 𝐗∗, 𝐟∗)q(𝐟∗ ∣ 𝐗∗)d𝐟∗ = (8)

= 𝔼q(𝐟∗ ∣𝐗∗)
[

p(𝑌 ∗ ∣ 𝐗∗, 𝐟∗)
]

. (9)

The optimal choice of q(𝐟 ∣ 𝐗) is obtained by minimizing the Kullback-
Leibler (KL) divergence between the true posterior and the variational 
distribution [19]. This is equivalent to maximizing the following Evi-
dence Lower BOund (ELBO), 

ELBO =
𝐵
∑

𝑏=1
𝔼q(𝐟𝑏 ∣𝐗𝑏)

[

log
p(𝑌𝑏 ∣ 𝐗𝑏, 𝐟𝑏)p(𝐟𝑏 ∣ 𝐀𝑏)

q(𝐟𝑏 ∣ 𝐗𝑏)

]

. (10)

Unfortunately, it is not possible to obtain the optimal variational distri-
bution in closed form. Instead, we proceed as in [20]: we restrict q(𝐟 ∣ 𝐗)
to belong to some parameterized family of distributions and adjust its 
parameters by maximizing the ELBO in Eq. (10). In the following, we 
consider two choices for this family: as a Gaussian and as a Dirac delta.
Modelling q(𝐟 ∣ 𝐗) as a Gaussian. In this case, we parameterize the 
variational distribution as a multivariate Gaussian distribution with a 
diagonal covariance matrix, 
q(𝐟 ∣ 𝐗) =  (𝐟 ∣ 𝜇(𝐗),Σ(𝐗)), Σ(𝐗) = Diag (𝜎(𝐗)), (11)

where 𝜇∶ ℝℕ×𝐷 → ℝℕ and 𝜎 ∶ ℝℕ×𝐷 → (0,+∞)ℕ are implemented using 
neural networks. With this choice, the ELBO in Eq. (10) can be written 
as 

ELBO =
𝐵
∑

𝑏=1

{

𝔼q(𝐟𝑏 ∣𝐗𝑏)
[

log p(𝑌𝑏 ∣ 𝐗𝑏, 𝐟𝑏)
]

− KL
[

q(𝐟𝑏 ∣ 𝐗𝑏), p(𝐟𝑏 ∣ 𝐀𝑏)
]

}

. (12)

Since sampling from this distribution is very efficient, we can approx-
imate the expectations in the first term and Eq. (9) – Eq. (10) using 
Monte Carlo sampling and the reparameterization trick [20]. Moreover, 
the KL divergence in the second term admits the following closed-form 
expression,

KL
[

q(𝐟𝑏 ∣ 𝐗𝑏), p(𝐟𝑏 ∣ 𝐀𝑏)
]

= 𝐷
(

𝜇(𝐗𝑏),𝐀𝑏
)

+ Tr
(

𝐋𝑏Σ(𝐗𝑏)
)

+ (13)

− 1
2

(

log
(

|Σ(𝐗𝑏)|
2|𝐋𝑏|

)

−𝑁𝑏

)

, (14)
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Fig. 2. Diagram of the proposed ProbSA. In the forward pass (blue), a sample ̂𝐟 is drawn from the variational attention distribution q(𝐟 ∣ 𝐗) and then used to compute 
the bag representation ̂𝐳 and the predicted bag label 𝑌 . In the loss computation (red), spatial interactions are incorporated via the bag adjacency matrix into de 
Kullback-Leibler divergence term. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

which can be computed efficiently. Note that the KL divergence contains 
the Dirichlet energy used by SA plus a new term that regularizes the co-
variance matrix. Informally speaking, if we make the covariance matrix 
very small, Σ(⋅) → 0, the KL divergence becomes the regularization term 
used by SA, see Eq. (3). This can be formalized by modeling q(𝐟 ∣ 𝐗) as 
a Dirac delta, as follows.
Recovering SA: q(𝐟 ∣ 𝐗) as a Dirac delta. We define the variational 
distribution as a deterministic distribution, i.e., a distribution with zero 
variance. To do so, we resort to the notion of Dirac delta [21]. However, 
since it is not a proper function we cannot use it to define our variational 
density. Fortunately, there exists mathematical machinery to use this 
concept rigorously [21,22], see Appendix A for a precise justification of 
the following statements. We define 

q(𝐟 ∣ 𝐗) = 𝛿(𝐟 − 𝜇(𝐗)) =
{

∞ if 𝐟 = 𝜇(𝐗),
0 otherwise,

(15)

where 𝛿(⋅) is the Dirac delta and 𝜇∶ ℝℕ×𝐷 → ℝℕ is implemented using a 
neural network. Informally speaking, q(𝐟 ∣ 𝐗) assigns all the probability 
to one point which is determined by the output of 𝜇. The ELBO becomes 

ELBO =
𝐵
∑

𝑏=1

{

log p(𝑌𝑏 ∣ 𝐗𝑏, 𝐟𝑏 = 𝜇(𝐗𝑏)) − 𝐷
(

𝜇(𝐗𝑏),𝐀𝑏
)}

, (16)

which is the negative of the objective used by SA with 𝜆 = 1, recall 
Eq. (3). Therefore, the probabilistic model ProbSA presented in this sec-
tion has our previous SA [16] as a particular case.
The loss objective. Whatever choice we make for q(𝐟 ∣ 𝐗) (as a Gaus-
sian or as a Dirac delta), we must maximize the corresponding ELBO 
with respect to the parameters of the neural network. In both cases, the 
negative of the ELBO leads to the following minimization objective, 
ELBO = −ELBO = LL + KL, (17)

where LL is the negative log-likelihood and KL is a KL regularization 
term, see Table 1. Previous works have introduced a balancing hyper-
parameter 𝜆 ∈ [0, 1] to control the strength of the regularization and 
alleviate KL collapse [23]. Following this idea, we propose to minimize 
the following objective, 
 = LL + 𝜆KL. (18)

Note that by setting 𝜆 = 1 we recover the negative of the ELBO, and by 
setting 𝜆 = 0 we drop the KL regularization. To avoid the KL vanish-
ing problem, some works have proposed to vary the value of 𝜆 during 

training, following different schedules [24]. We will use the cyclical an-
nealing schedule proposed by Fu et al. [24], and analyze its impact on 
the performance in Section 4.2.
Making predictions. To predict the bag label 𝑌 ∗ of a new bag 𝐗∗, 
we must approximate the integral in Eq. (9). The variational posterior 
choices we have presented facilitate efficient sampling. Thus, we draw 
𝑆 samples {𝐟∗1 ,… , 𝐟∗𝑆

} from q(𝐟∗ ∣ 𝐗∗) and compute 

p(𝑌 ∗ ∣ 𝐗∗,) ≈ 1
𝑆

𝑆
∑

𝑠=1
p(𝑌 ∗ ∣ 𝐗∗, 𝐟∗𝑠 ). (19)

This process is illustrated in  Fig. 2. For a given input bag, one or more 
samples are drawn from the variational attention distribution and then 
used to compute the predicted bag label according to  Eq. (19). 

3.2.  Incorporating global interactions

Both SA and the proposed ProbSA take into account local interactions 
through a regularization term in the training objective, see Eq. (18). 
However, previous works in deep MIL have demonstrated the benefits 
of including both global and local interactions [9,11]. Note that local in-
teractions provide information about the environment of each instance 
but do not account for long-range dependencies. For example, detecting 
some types of tumors requires finding certain structures in distant re-
gions within the WSI [7,9]. Next, we explain how we can include global 
interactions in the proposed ProbSA.

As evidenced in Fig. 2, one of the main advantages of ProbSA is that 
it is architecture agnostic. This means that we can choose any architec-
ture to implement the bag transformation 𝐻 , the bag classifier 𝜓 , or the 
attention distribution networks (𝜇,Σ), and still use the same training ob-
jective. Therefore, global interactions can be included by implementing 
𝐻 as a Transformer encoder, 
𝐻(𝐗) = TransformerEnc(𝐗). (20)

At the core of the Transformer encoder module is the self-attention 
mechanism, which processes the input by calculating similarity scores 
between all pairs of instances in the bag. These scores determine how 
much attention each instance should pay to others, allowing the model 
to capture (global) contextual relationships effectively. Each layer of 
the Transformer encoder leverages multiple heads in the self-attention 
mechanism, along with skip-connections and pre-layer normalization 
[25]. More details can be found in Appendix B.

Table 1 
Different variants of the proposed methodology. Each variant is determined by the bag transformation 𝐻 and the variational posterior q(𝐟 ∣ 𝐗). The 
latter yields different forms of the objective terms LL and KL. See Fig. 2 for a graphical illustration.
 Notation 𝐻(𝐗) q(𝐟 ∣ 𝐗) LL KL

 ABMIL+ProbSAΣ = 0
[

ℎ(𝐱1),… , ℎ(𝐱𝑁 )
]⊤ ℎ is a MLP 𝛿(𝐟 − 𝜇(𝐗)) −

∑

𝑏 log p(𝑌𝑏 ∣ 𝐗𝑏 , 𝐟𝑏 = 𝜇(𝐗𝑏))
∑

𝑏 𝐷
(

𝜇(𝐗𝑏),𝐀𝑏
)

 ABMIL+ProbSAΣ = Diag
[

ℎ(𝐱1),… , ℎ(𝐱𝑁 )
]⊤ ℎ is a MLP  (𝐟 ∣ 𝜇(𝐗),Σ(𝐗)) −

∑

𝑏 𝔼q(𝐟𝑏 ∣𝐗𝑏 )
[

log p(𝑌𝑏 ∣ 𝐗𝑏 , 𝐟𝑏)
]

∑

𝑏 KL
[

q(𝐟𝑏 ∣ 𝐗𝑏), p(𝐟𝑏 ∣ 𝐀𝑏)
]

Eqs. (13)–(14)
 T-ABMIL+ProbSAΣ = 0 TransformerEnc(𝐗) 𝛿(𝐟 − 𝜇(𝐗)) −

∑

𝑏 log p(𝑌𝑏 ∣ 𝐗𝑏 , 𝐟𝑏 = 𝜇(𝐗𝑏))
∑

𝑏 𝐷
(

𝜇(𝐗𝑏),𝐀𝑏
)

 T-ABMIL+ProbSAΣ = Diag TransformerEnc(𝐗)  (𝐟 ∣ 𝜇(𝐗),Σ(𝐗)) −
∑

𝑏 𝔼q(𝐟𝑏 ∣𝐗𝑏 )
[

log p(𝑌𝑏 ∣ 𝐗𝑏 , 𝐟𝑏)
]

∑

𝑏 KL
[

q(𝐟𝑏 ∣ 𝐗𝑏), p(𝐟𝑏 ∣ 𝐀𝑏)
]

Eqs. (13)–(14)
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3.3.  Summary of the proposed models

In the previous subsections, we introduced key design choices within 
the ProbSA framework that define different model variants. Specifically, 
there are two options for the variational posterior q(𝐟 ∣ 𝐗) and two for 
the bag transformation 𝐻 . These choices can be naturally combined, 
resulting in four distinct model variants.

Table 1 summarizes these variants and the fundamental differences 
between them. ABMIL and T-ABMIL stand for the two choices for the 
bag transformation 𝐻 . Similarly, Σ = 0 and Σ = Diag refer to the two 
choices for the variational posterior q(𝐟 ∣ 𝐗). Note that we write Σ = 0 for 
the Dirac delta variational posterior since we recover it by making the 
variance infinitely small in the Gaussian, Σ(⋅) → 0. The variants with Σ =
0 can be regarded as an extension of the deterministic method proposed 
in our previous work [16]. They are deterministic because they learn a 
degenerate distribution for the attention values. In contrast, the variants 
with Σ = Diag learn a Gaussian distribution, from which we can sample 
and study its moments, see Section 4.4. In the following section, we 
conduct extensive experimentation to evaluate these four variants.

4.  Experiments

In this section, we evaluate the proposed method on three real med-
ical image classification problems, comparing it against ten SOTA MIL 
methods. Our code will be made publicly available upon the acceptance 
of the paper at the following Github repository: https://github.com/
Franblueee/ProbSA-MIL. In Section 4.1 we describe the experimental 
framework. In Section 4.2 we perform an ablation study to better un-
derstand the proposed method. In Section 4.3 we compare our method 
against ten SOTA methods in MIL. Finally, Section 4.4 shows how the 
probabilistic treatment can help in by pointing out regions of the atten-
tion maps where the method may not be confident enough.

4.1.  Experimental framework

Datasets. We evaluate the proposed method on three medical MIL 
datasets: RSNA [26], PANDA [27], and CAMELYON16 [28]. In RSNA 
the goal is to detect acute intracranial hemorrhage from CT scans. There 
are 1150 CT scans, each of them having from 24 to 57 slices. They are 
labeled as having hemorrhage (at least one slice shows evidence of hem-
orrhage) or not hemorrhage (no slice shows evidence of hemorrhage). 
In PANDA the goal is to detect prostate cancer from microscopy scans 
of prostate biopsy samples. It is composed of 10,616 WSIs at 10× mag-
nification. In CAMELYON16 the goal is to detect breast cancer metas-
tasis. It consists of 400 WSIs at 20× magnification. In both PANDA and 
CAMELYON16, we extract patches of size 512 × 512 using the method 
proposed by Lu et al. [4]. Each WSI is labeled as tumorous (at least one 
patch shows evidence of tumor) and non-tumorous (no patch shows ev-
idence of tumor). For RSNA and CAMELYON16, we use the standard 
train/test partition. For PANDA, since the labels for the test set have not 
been released, we use the train/test split proposed by Silva-Rodriguez 
et al. [29]. We split the initial train data into five different train/vali-
dation splits. Every model is trained on each of these splits and then 
evaluated on the test set. We report the average performance on this 
test set.
Metrics. Medical imaging datasets are typically imbalanced, containing 
more negative examples (those that do not show evidence of disease or 
lesion) than positive examples (those that show evidence of disease or 
lesion). For this reason, we analyze the performance of each method us-
ing the area under the ROC curve (AUROC) and the F1 score. We also 
report the average rank: we sort the different methods according to their 
performance on each tuple (metric, dataset), and report the average po-
sition.
Feature extraction. Neither the proposed method nor the methods we 
compare with can be trained end-to-end alongside a feature extractor. 

This limitation arises because, for the datasets under consideration, al-
most no single bag can fit within the memory of commercially available 
GPUs. For this reason, we extract features from each instance using a 
pre-trained model. To choose this model, we note that previous works 
have pointed out the importance of using large-scale domain-aligned 
feature extractors [30,31], with several improvements in MIL [6,7,9]. 
For pathology data (such as PANDA and CAMELYON16), the mentioned 
studies provide the weights of these models. However, we have not been 
able to find them for CT scans. For this reason, for the RSNA dataset, 
we use a ResNet50 pre-trained on Imagenet. For PANDA and CAME-
LYON16, we use a ResNet50 pre-trained using the Barlow Twins self-
supervised learning method on a huge dataset of WSIs patches [30], 
whose weights can be found online.1 Both choices transform the input 
instance into a vector of 𝑃 = 2048 components. Finally, note that we use 
the same features for every MIL method, which ensures a fair compari-
son.
MIL methods and architectures. We compare the proposed ProbSA 
with SOTA MIL methods. To ensure a fair comparison, we divide them 
into two groups, depending on whether or not they take into account 
global interactions through the self-attention mechanism. In the first 
group, we include those methods that do not account for these interac-
tions: the proposed ABMIL+ProbSA, ABMIL [3], CLAM [4], DSMIL [6], 
PatchGCN [15], and DTFD-MIL [5]. In the second group we include 
those methods that do account for these interactions: the proposed T-
ABMIL+ProbSA, TransMIL [7], SETMIL [12], GTP [11], IIBMIL [32], 
CAMIL [9], and VMIL [10]. Note that the proposed ProbSA outperforms 
the related [13], which uses the same datasets and metrics.

For every method, we use the original implementation, which is pub-
licly available on their GitHub repositories. We modify the number of 
layers and their dimensions to make the comparison under the same pa-
rameter budget. Every method first transforms the input instances using 
one fully connected layer with 512 units (𝐷 = 512). The different vari-
ants of the attention pooling used by ABMIL, CLAM, DSMIL, PatchGCN, 
and DTFD-MIL are implemented with an inner dimension of 𝐷𝑓 = 128. 
The different transformer encoders used by TransMIL, SETMIL, GTP, 
IIBMIL, and CAMIL have 2 transformer layers; key, query, and value di-
mensions of 512, and 8 attention heads. The bag-embedding classifier 
is implemented using one fully connected layer. The attention pooling 
used by ABMIL+ProbSA and T-ABMIL+ProbSA is the same as in AB-
MIL. The transformer encoder in T-ABMIL+ProbSA uses Pytorch’s im-
plementation of dot product attention2 The bag adjacency matrices (see 
Eq. (2)) are constructed at the beginning of training and remain static 
throughout the process–that is, they are not learned or updated during 
optimization. Following the approach of  [9], we compute edge weights 
based on the inverse of the distance between corresponding instances in 
the feature space. This ensures that, if the feature space is appropriately 
structured, the weight between a positive and a negative instance will be 
close to zero, which suppresses attention smoothing across boundaries. 
Training setup. To ensure fair and reproducible conditions, we trained 
each method under the same setup. Since the authors of IIBMIL do not 
share their training code, we implemented the training procedure fol-
lowing the description in the original manuscript.

The number of epochs was set to 100. We used the Adam optimizer 
with the default Pytorch configuration. The base learning rate was set to 
10−4. We adopted a slow training start using Pytorch’s LinearLR sched-
uler with start_factor=0.1 and total_iters=10. During training, we 
monitored the bag AUROC in the validation set and kept the weights 
that obtained the best results in terms of bag AUROC. In RSNA and 
PANDA, the batch size was set to 32. In CAMELYON16, it was set to 4 for 
non-transformer methods, and to 1 for transformer-based methods. For 
SETMIL, however, we had to set it to 1 in PANDA and CAMELYON16 
due to its high GPU memory requirements. In RSNA and PANDA, we 

1 Weights available here
2 Pytorch’s implementation of dot product attention is available here.
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Fig. 3. Average improvement over the baseline (𝜆 = 0) for different values of the balancing hyperparameter. For most values of this hyperparameter, the improvement 
introduced by ProbSA is positive, regardless of the posterior choice Σ = 0 or Σ = Diag. As theoretically expected, the simpler model ABMIL benefits from a richer 
posterior (Σ = Diag) more than T-ABMIL does.

weighted the loss function to account for the imbalance between posi-
tive and negative bags. All experiments were performed on an NVIDIA 
GeForce RTX 3090.

4.2.  Ablation study: Analyzing the novel ProbSA

The aim of this subsection is to study the effect of three key compo-
nents of our method: the baseline method on top of which it is imple-
mented (ABMIL vs T-ABMIL), the hyperparameter 𝜆, and the variational 
posterior q(𝐟 ∣ 𝐗).

To analyze this, we ran the four variants described in Table 1 with 
𝜆 ∈

{

0, 0.1, 0.5, 1.0, cyclical
}

. Here, 𝜆 = 0 corresponds to the baseline 
models ABMIL and T-ABMIL, on which we build. Choosing 𝜆 = 0.1 re-
moves most of the influence of the KL term, while setting 𝜆 = 1.0 corre-
sponds to using the actual ELBO. When 𝜆 = cyclical, out method adopts 
the cyclical schedule, mentioned above. Namely, the training process 
is divided into 𝑀 = 5 cycles of equal number of training steps 𝐿 (𝐿 is 
obtained as the total number of training steps divided by 𝑀). In each cy-
cle, the hyperparameter starts at 𝜆 = 0 and increases linearly for ⌊0.8𝐿⌋
training steps until it reaches 𝜆 = 1, and stays like that for the rest of the 
cycle.

The results are shown in Fig. 3, where we have plotted the average 
improvement over the baselines (𝜆 = 0) for different values of 𝜆. The 
breakdown of these results for each dataset is in Table C.2. We analyze 
them in the following.
Improvement over the baselines. First, we study whether the pro-
posed ProbSA (𝜆 > 0) improves the results with respect to the base-
lines on top of which it is implemented (𝜆 = 0). In Fig. 3, most val-
ues of 𝜆 correspond to points above zero, indicating that the proposed 
ProbSA improves performance compared to the baseline approaches. 
Notably, the improvement is negative for only two 𝜆 values in the T-
ABMIL variant, with a value very close to zero. This suggests the pro-
posed method does not significantly degrade performance in these cases. 
We also note that the improvement is greater for the ABMIL architec-
ture than for T-ABMIL. This is reasonable, as simpler architectures tend 
to benefit more from a probabilistic formulation. When looking at Ta-
ble C.2 the baselines (𝜆 = 0) obtain the worst rank in the first three
variants.

The last variant (T-ABMIL+ProbSA with Σ = Diag) does not outper-
form the baseline in RSNA and PANDA, but does so in CAMELYON16 
by a wide margin (98.486 vs 97.673 and 94.657 vs 91.826).
Optimal value of 𝜆. Next, we analyze the best choice for the balanc-
ing hyperparameter. We observe that 𝜆 = cyclical provides the best per-
formance on average: it achieves the highest improvement in Fig. 3 
and the best rank in Table C.2. Note that the optimal value of 𝜆 is 
highly dependent on the dataset and architecture. Table C.2 suggests 
that for ABMIL+ProbSA higher values of 𝜆 yield better results on RSNA, 
while lower values are preferred for PANDA. This suggests that the 
cyclical scheduler will deliver a good performance in most cases, al-
though it can be outperformed by conducting a grid search for the given 

dataset. This is consistent with what was observed in [24]: the cyclical
schedule allows the progressive learning of more meaningful atten-
tion values. For this reason, we report the results corresponding to 
𝜆 = cyclical in the next section.
Choice of q(𝐟 ∣ 𝐗), i.e, Σ = 0 vs Σ = Diag. Finally, we compare the two 
options considered for the variational posterior: the Gaussian (Σ = Diag) 
and the Dirac delta (Σ = 0). From Fig. 3 it is clear that the Gaussian 
provides a wider improvement when paired with the ABMIL architec-
ture. For T-ABMIL, one could argue that the Dirac delta is a better 
choice in terms of AUROC, but it is not as clear for the F1 metric. How-
ever, the Gaussian posterior has an advantage over the Dirac delta: it 
naturally produces instance uncertainty maps, as will be discussed in
Section 4.4.

4.3.  Comparison against existing methods

The goal of this subsection is to compare the proposed ProbSA with 
SOTA deep MIL methods. As we described in Section 4.1, we cate-
gorize these methods into two families to ensure a fair comparison 
in terms of their architectural capabilities. The first group comprises 
methods that do not model global interactions within their architec-
ture. This group includes our ABMIL+ProbSA. The second group con-
sists of methods that incorporate global interactions, typically leverag-
ing the self-attention mechanism. Our T-ABMIL+ProbSA falls into this
category.
Methods without global interactions. Table 2 shows the results 
in terms of AUROC and F1 for methods that do not account for 
global interactions. The average rank for each metric is shown in 
Fig. 4(a). The proposed ProbSA with a Gaussian variational posterior 
(Σ = Diag) achieves the highest rank and the best result in four out 
of six (dataset, metric) pairs. We observe that PatchGCN achieves the 
best performance in PANDA and the second-best rank overall. This 
can be attributed to the fact that its architecture is the only one 
that incorporates local interactions through the graph convolutional
layer.
Methods with global interactions. Table 3 shows the results in terms 
of AUROC and F1 for methods that do not account for global inter-
actions. The average rank for each metric is shown in Fig. 4(b).  The 
two variants of the proposed ProbSA are in the top 3. The Dirac delta 
variant (Σ = 0) yields the best AUROC rank, while the Gaussian vari-
ant (Σ = Diag) yields the best F1 rank, see Fig. 4(b). Interestingly, 
the Gaussian variant performs best in PANDA and is very competitive 
in CAMELYON16, where it obtains the highest F1, but falls short in
RSNA.

We observe that IIBMIL and VMIL perform notably worse on the 
CAMELYON16 dataset, despite achieving competitive results on RSNA 
and PANDA. This discrepancy can be attributed to the challenging na-
ture of CAMELYON16. In this dataset, bags are significantly larger – 
containing, on average, approximately five times more instances per bag 
than PANDA – and the proportion of positive instances is very low. Since 
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Table 2 
Classification results (mean and standard deviation from five independent runs) for methods that do not model global 
interactions. The best is in bold and the second-best is underlined. (↓)/(↑) means lower/higher is better.

 RSNA  PANDA  CAMELYON16
 Model  AUROC (↑)  F1 (↑)  AUROC (↑)  F1 (↑)  AUROC (↑)  F1 (↑)  Rank (↓)
 ABMIL+ProbSA(Σ = 0) 90.1890.482 83.1681.259 97.8960.090 94.9730.140 97.6330.618 91.3071.053 4.0002.098
 ABMIL+ProbSA(Σ = Diag) 𝟗𝟎.𝟐𝟑𝟏0.401 𝟖𝟑.𝟐𝟑𝟎1.719 98.0940.069 95.2740.236 𝟗𝟕.𝟖𝟖𝟓1.259 𝟗𝟐.𝟑𝟓𝟏2.385 𝟏.𝟖𝟑𝟑1.329
 ABMIL 87.9241.179 78.3172.531 97.8430.201 95.0600.435 97.4541.074 90.7562.483 5.6670.816
 CLAM 82.7646.162 52.94132.008 97.9150.191 95.1690.176 96.9851.561 91.6561.103 5.3331.862
 DSMIL 87.5391.973 76.1645.715 98.0430.135 𝟗𝟓.𝟑𝟗𝟖0.269 93.3012.042 85.8013.320 5.1672.317
 PatchGCN 89.5981.036 79.7482.472 𝟗𝟖.𝟏𝟎𝟑0.238 95.3650.255 97.4690.873 91.4572.430 2.6671.033 DTFD-MIL 88.5290.360 79.3481.034 98.0960.192 95.3610.298 97.8210.532 90.7621.988 3.3331.211

Table 3 
Classification results (mean and standard deviation from five independent runs) for methods that model global interactions. 
The best is in bold and the second-best is underlined.(↓)/(↑) means lower/higher is better.

 RSNA  PANDA  CAMELYON16
 Model  AUROC (↑)  F1 (↑)  AUROC (↑)  F1 (↑)  AUROC (↑)  F1 (↑)  Rank (↓)
 T-ABMIL+ProbSA(Σ = 0) 𝟗𝟏.𝟕𝟖𝟏1.200 𝟖𝟒.𝟓𝟗𝟏2.535 97.9740.156 95.2130.072 𝟗𝟖.𝟒𝟏𝟖1.104 94.2202.168 𝟏.𝟖𝟑𝟑0.983
 T-ABMIL+ProbSA(Σ = Diag) 90.8141.683 83.6833.669 97.9880.117 𝟗𝟓.𝟑𝟑𝟗0.249 98.1330.828 𝟗𝟒.𝟕𝟑𝟐3.071 2.1670.983
 T-ABMIL 91.0830.978 84.0831.962 𝟗𝟖.𝟎𝟏𝟒0.226 95.2890.322 98.2090.695 92.9673.638 2.0000.632 TransMIL 90.2710.534 81.2582.541 96.9210.239 93.9180.337 97.8112.136 91.7732.276 5.5001.225
 SETMIL 61.5880.811 12.06116.515 86.9741.203 79.2361.305 75.3400.900 64.1512.001 8.3331.033
 GTP 90.2961.464 82.3244.364 97.7680.199 94.5900.694 95.1021.034 90.0961.045 4.8330.983
 IIBMIL 86.8771.152 68.2906.579 97.4170.064 94.5780.182 45.3425.937 10.97124.533 7.5001.225
 CAMIL 88.6862.245 80.4092.846 97.4890.111 94.6760.314 96.8111.510 91.9492.328 5.1671.169
 VMIL 89.5601.153 69.6221.964 93.7630.357 83.9210.281 50.0000.000 00.0000.000 7.6671.033

Fig. 4. Average AUROC and F1 rank for each family of methods. Note that lower rank indicates better performance. The proposed ProbSA attains the best rank in 
each classification metric. The Gaussian variant (Σ = Diag) places first in three out of four (metric, family) pairs.

both IIBMIL and VMIL rely on an instance-level classifier that requires 
the identification of positive instances during training, the difficulty in 
locating positive instances in CAMELYON16 likely hampers the training 
process, leading to inaccurate predictions.

Performance in RSNA. Finally, we observe that all methods per-
form significantly worse on the RSNA dataset compared to the other 
two. This discrepancy can be attributed to the feature extractor used for 
RSNA, which was not pretrained on data from this domain, resulting in 
a feature space with reduced representational capacity.

4.4.  Exploring instance predictions

We conclude the experimental section by exploring the localization 
capabilities of each method. Recall that deep MIL methods usually as-
sign a scalar to each instance that reflects its importance within the 
bag. For simplicity, we will refer to these scalars as attention values, al-
though they can be obtained in different ways (e.g., using GradCam as in 
GTP [11]). The proposed ProbSA, instead of assigning an attention value 
to each instance, outputs a probability distribution, denoted as q(𝐟 ∣ 𝐗). 
In this section, we show that the first and second-order moments of the

Gaussian variational posterior  (𝜇(𝐗),Σ(𝐗)) provide important infor-
mation for illness localization.

To show this, we analyse the attention maps produced by ProbSA 
and compare them to those from other methods. We display the atten-
tion maps of a CT scan from RSNA in Fig. 5, a WSI from PANDA in 
Fig. 7, and a WSI from CAMELYON16 in Fig. 6. Additional attention 
maps, including two more CT scans, two WSIs from PANDA, and two 
WSIs from CAMELYON16, are provided in C. In total, we present at-
tention maps for methods from each family across three representative 
positive bags from each dataset. Notably, the instance labels displayed 
are used strictly for evaluation purposes and were not available during
training.
ProbSA is aligned with previous works. Previous works have shown 
that positive instances, i.e., those that are unhealthy, typically receive 
high attention values. This enables one to locate areas containing hemor-
rhage (in the case of RSNA) or cancerous regions (in the case of PANDA 
and CAMELYON16). Figs. 5–7 show that the attention maps generated 
by ProbSA also exhibit this desired pattern, demonstrating performance 
comparable to other leading methods, including DTFD-MIL, PatchGCN, 
GTP, and CAMIL.
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Fig. 5. Attention maps in a CT scan from RSNA. The attention values have been normalized to ease visualization. The proposed ProbSA produces a very accurate 
attention map and flags false positives with high variance.

Fig. 6. Attention maps in a WSI from CAMELYON16. The attention values have been normalized to ease visualization. While none of the methods is able to fully 
localize the cancerous area, the proposed ProbSA is the only capable of flagging its wrong predictions.

ProbSA reduces false positives. Other methods tends to produce un-
desirable medium-to-high intensity isolated red spots in healthy areas, 
falsely indicating unhealthy instances. A clear example of this phe-
nomena is in Fig. 7, where PatchGCN and DTFD-MIL assign high at-

Fig. 7. Attention maps in a WSI from PANDA. The attention values have been normalized to ease visualization. The proposed ProbSA produces fewer false positives 
than ABMIL, PatchGCN, and DTFD-MIL. Also, positive patches with low attention are flagged with high variance (see bottom of the WSI).

tention to healthy patches. Other examples are Figs. 5, C.3, C.7, and
C.8.

Note that these spots do not appear on the maps generated by 
ProbSA. We attribute this behaviour to the training objective, which 
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encourages the model to produce smooth attention maps, minimizing 
isolated high-attention regions in healthy areas.
Attention variance flags wrong predictions. In practice, there are 
situations where the attention maps are not accurate. For example, in 
Fig. 6 none of the considered methods completely detects the cancer-
ous area. Unlike the rest of the methods, the novel probabilistic ProbSA 
includes a mechanism to measure uncertainty, and one would expect 
that these wrong predictions are flagged with high variance. Indeed, in 
Fig. 6 we observe that ProbSA assigns high variance to these incorrectly 
predicted instances. Fig. C.2 and C.5 show a similar behaviour: as the 
other competing methods, ProbSA wrongly assigns high attention val-
ues to healthy instances but, unlike those baselines, it flags out these 
instances through a high variance value.

5.  Conclusion and limitations

In this work, we have introduced ProbSA, a new attention-based 
deep MIL approach for medical imaging that accounts for both local 
and global interactions among instances in the bag. Local interactions, 
which refer to dependencies among neighbouring instances, are intro-
duced by favouring smooth attention values within the bag. Global in-
teractions, which are longer-range dependencies, are modelled using a 
Transformer encoder. Moreover, we propose a probabilistic formulation 
that estimates attention values through a probability distribution, in-
stead of deterministically through a single numeric value. To the best 
of our knowledge, this is the first method that tackles both types of 
interactions in a probabilistic manner. We show enhanced predictive 
performance against current SOTA deep MIL approaches, as well as in-
terpretability of the attention uncertainty maps provided by the proba-
bilistic treatment.

There exist two main limitations to the proposed approach. First, we 
have only analyzed two possibilities for the variational attention dis-
tribution: a Dirac delta, which leads to a deterministic treatment, and 
a Gaussian distribution with a diagonal covariance matrix, which can 
be treated through the re-parametrization trick and is computationally 
tractable. However, more expressive variational distributions, possibly 
accounting for different modes, could be leveraged at a higher computa-
tional cost. Second, the proposed method does not solve the localization 
issues of current attention-based deep MIL approaches. Whereas the un-
certainty maps are useful to highlight low-confidence regions, the mean 
of the attention does not accurately estimate the instance labels in every 
case, similar to existing methods.

In future work, alongside addressing the aforementioned limitations, 
we will explore alternative priors to enforce smoothness in the atten-
tion maps. However, other approaches different than the one used in 
this study may render an intractable KL divergence term, and thus they 
would require careful handling.
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Appendix A.  Variational inference with a Dirac delta

We provide a derivation of the training objective for the determinis-
tic variant of the proposed method, see Eq. (16). The fundamental idea 
here is to approximate the Dirac delta using a sequence of continuous 
densities of compact support. For simplicity, we assume bags of constant 
size 𝑁 ∈ ℕ. Our derivation is based on the following result.
Preliminary result. Let 𝑢∶ ℝ𝑁 → ℝ be a continuous function of com-
pact support such that ∫ℝ𝑁 𝑢(𝐱)d𝐱 = 1. For 𝜀 > 0, we define 
𝑢𝜀(𝐱) = 𝜀−𝑁𝑢

(

𝜀−1𝐱
)

, ∀𝐱 ∈ ℝ𝑁 . (A.1)

Let 𝐚 ∈ ℝ𝑁 . For any continuous function 𝑔∶ ℝ𝑁 → ℝ, it holds that 

lim
𝜀→0+ ∫ℝ𝑁

𝑢𝜀(𝐱 − 𝐚)𝑔(𝐱)d𝐱 = 𝑔(𝐚). (A.2)

See [22, Theorem 7.3] for a proof. This expression corresponds to the 
definition of the Dirac delta using a (continuous and compactly sup-
ported) approximation to the identity [22]. It is usually written infor-
mally as 

∫ℝ𝑁
𝛿(𝐱 − 𝐚)𝑔(𝐱)d𝐱 = 𝑔(𝐚). (A.3)

Derivation of Eq. (16). We are now ready to derive Eq. (16). Let 
𝜇∶ ℝ𝑁×𝐷 → ℝ𝑁  a neural network parameterizing the attention values. 
Let 𝑢𝜀 defined as in Eq. (A.1). We consider a family 

{

q𝜀
}

𝜀>0 of variational 
posteriors defined as 
q𝜀(𝐟 ∣ 𝐗) = 𝑢𝜀(𝐟 − 𝜇(𝐗)). (A.4)

Intuitively, {q𝜀
}

𝜀>0 converges to the variational posterior defined using 
the Dirac delta in Eq. (15). Let us write the ELBO for this family,

ELBO𝜀 =
𝐵
∑

𝑏=1
{𝔼q𝜀

(

𝐟𝑏 ∣𝐗𝑏
)

[

log p(𝑌𝑏 ∣ 𝐗𝑏, 𝐟𝑏)
]

+ 𝔼q𝜀
(

𝐟𝑏 ∣𝐗𝑏
)

[

log p
(

𝐟𝑏
)]

+ (A.5)

− 𝔼q𝜀
(

𝐟𝑏 ∣𝐗𝑏
)

[

log q𝜀
(

𝐟𝑏 ∣ 𝐗𝑏
)]

} (A.6)

We are interested in optimizing this ELBO with respect to the parameters 
of our neural network in the limit 𝜀→ 0+. For the last term, after a 
change of variable, we have 

𝔼q𝜀
(

𝐟𝑏 ∣𝐗𝑏
)

[

log q𝜀
(

𝐟𝑏 ∣ 𝐗𝑏
)]

} = ∫ℝ𝑁
𝑢𝜀(𝐱) log 𝑢𝜀(𝐱)d𝐱. (A.7)

Note that this term does not depend on the parameters of the neural 
network, and is well defined for 𝜀 > 0. However, its limit when 𝜀 → 0+

may not be well defined. This is not a problem for us, since we are only 
interested in those terms that depend on the parameters of the neural 
network, i.e., 

ẼLBO𝜀 =
𝐵
∑

𝑏=1

{

𝔼q𝜀
(

𝐟𝑏 ∣𝐗𝑏
)

[

log p(𝑌𝑏 ∣ 𝐗𝑏, 𝐟𝑏)
]

+ 𝔼q𝜀
(

𝐟𝑏 ∣𝐗𝑏
)

[

log p
(

𝐟𝑏
)]

}

. (A.8)

Finally, we take the limit when 𝜀 → 0+ and apply the preliminary result 
in Eq. (A.2), obtaining the desired optimization objective, see Eq. (16).
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Appendix B.  Transformer encoder

We provide more details about the Transformer encoder introduced in Section 3.2. At the core of this module is the self-attention mechanism, 
which is given an input bag 𝐗 ∈ ℝ𝑁×𝐷 and outputs a new bag 𝐘 = SelfAttention (𝐗) ∈ ℝ𝑁×𝐷𝑣  transformed according to 
SelfAttention (𝐗) = Sof tmax

(

𝑞(𝐗)𝑘(𝐗)⊤
)

𝑣(𝐗), (B.1)

where 𝑞, 𝑘∶ ℝℕ×𝐷 → ℝℕ×𝐷𝑞𝑘 , and 𝑣∶ ℝℕ×𝐷 → ℝℕ×𝐷𝑣  are the standard queries, keys, and values in the dot product self-attention [25]. Each layer of 
the Transformer encoder leverages multiple heads in the self-attention mechanism, along with skip-connections and pre-layer normalization [25],

TransformerEnc(𝐗) = 𝐘𝐿, (B.2)

𝐘0 = 𝐗, (B.3)

𝐙𝑙+1 = 𝐘𝑙 + SelfAttention
(

LayerNorm
(

𝐘𝑙
))

, (B.4)

𝐘𝑙+1 = 𝐙𝑙+1 +MLP
(

LayerNorm
(

𝐙𝑙+1
))

, (B.5)

where 𝑙 ∈ {0,… , 𝐿 − 1}, and MLP denotes a two-layer perceptron. As explained in Section 4, in this work we use 𝐷𝑞𝑘 = 𝐷𝑣 = 512, 𝐿 = 2 and 8 
attention heads.

Appendix C.  Additional tables and figures

Computational overhead. ProbSA incorporates local interactions into the loss function through the bag adjacency matrices. These are instantiated 
as sparse tensors, reducing memory usage and enabling efficient matrix-vector operations. As shown in Table C.1, the overhead is comparable to that 
of other widely used methods. Relative to the baseline on top of which they are implemented, training time increases slightly on RSNA and PANDA, 
and more significantly on CAMELYON16, due to the larger size of its WSIs. Nonetheless, the overhead remains manageable, and our method scales 
effectively to large datasets such as CAMELYON16.
Attention maps. We provide additional attention maps, correspoding to three CT scans from the RSNA dataset (Figs. C.4, C.5, C.6), three WSIs from 
the PANDA dataset (Figs. C.1, C.2, C.3), and three WSIs from the CAMELYON16 dataset (Figs. C.7, C.8, C.9).

Table C.1 
Time per training step (in milliseconds). A training step is defined as a single forward-backward 
pass.

 Time per step (ms)
 Model  RSNA  PANDA  CAMELYON16
 ABMIL+ProbSA(Σ = 0) 2.769 ± 0.280 2.966 ± 0.992 15.334 ± 13.077
 ABMIL+ProbSA(Σ = Diag) 3.776 ± 0.377 3.821 ± 1.315 16.008 ± 12.469
 ABMIL 0.997 ± 0.132 1.035 ± 0.129 2.094 ± 6.053
 CLAM 3.832 ± 0.407 4.896 ± 4.035 5.401 ± 7.563
 DSMIL 1.692 ± 0.275 2.468 ± 3.280 3.051 ± 5.238
 PatchGCN 2.356 ± 0.215 3.132 ± 3.636 5.790 ± 12.516
 DTFD-MIL 5.010 ± 0.364 6.373 ± 4.265 7.434 ± 13.055

 Time per step (ms)
 Model  RSNA  PANDA  CAMELYON16
 T-ABMIL+ProbSA(Σ = 0) 3.374 ± 0.315 3.562 ± 0.853 47.609 ± 52.472
 T-ABMIL+ProbSA(Σ = Diag) 4.49 ± 0.452 4.091 ± 1.118 49.172 ± 53.664
 T-ABMIL 2.182 ± 0.196 2.169 ± 0.201 3.65 ± 0.805
 TransMIL 10.596 ± 0.643 11.153 ± 0.745 13.960 ± 4.380
 SETMIL 24.321 ± 1.528 36.289 ± 2.016 307.732 ± 103.096
 GTP 6.501 ± 0.311 8.059 ± 0.384 11.794 ± 8.766
 IIBMIL 8.718 ± 0.566 19.087 ± 1.722 61.792 ± 51.316
 CAMIL 6.172 ± 0.374 6.766 ± 0.883 8.685 ± 9.011
 VMIL 12.231 ± 0.728 16.880 ± 0.419 58.387 ± 2.148
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Table C.2 
Classification results (mean and standard deviation from five independent runs) using different values for the balancing hyperpa-
rameter 𝜆. The best in each group is in bold. (↓)/(↑) means lower/higher is better. The optimal choice of 𝜆 depends on the variant 
and the dataset. Setting 𝜆 = cyclical provides the best rank for every variant.

 RSNA  PANDA  CAMELYON16
 Model 𝜆  AUROC (↑)  F1 (↑)  AUROC (↑)  F1 (↑)  AUROC (↑)  F1 (↑)  Rank (↓)

ABMIL+ProbSAΣ = 0

 0.0 87.9241.179 78.3172.531 97.8430.201 95.0600.435 97.4541.074 90.7562.483 4.0001.265
 0.1 88.6310.864 79.4792.294 𝟗𝟖.𝟏𝟗𝟎0.045 𝟗𝟓.𝟑𝟗𝟖0.252 𝟗𝟖.𝟔𝟐𝟖0.468 91.1221.762 2.5001.643
 0.5 89.3840.612 81.1671.951 97.5570.114 94.4510.299 97.4591.135 92.1131.941 3.1670.753
 1.0 89.9500.990 82.5092.572 97.1460.178 93.8650.254 96.8881.555 𝟗𝟐.𝟑𝟔𝟎1.648 3.3331.862
 cyclical 𝟗𝟎.𝟏𝟖𝟗0.482 𝟖𝟑.𝟏𝟔𝟖1.259 97.8960.090 94.9730.140 97.6330.618 91.3071.053 𝟐.𝟎𝟎𝟎0.894

ABMIL+ProbSAΣ = Diag

 0.0 87.9241.179 78.3172.531 97.8430.201 95.0600.435 97.4541.074 90.7562.483 4.0001.265
 0.1 88.9570.575 80.4091.211 𝟗𝟖.𝟏𝟕𝟖0.048 𝟗𝟓.𝟓𝟓𝟗0.184 𝟗𝟖.𝟓𝟕𝟏0.389 92.1761.347 2.1671.472
 0.5 90.0891.029 82.2971.947 97.6640.067 94.6430.184 97.1731.884 91.4522.825 3.6670.516
 1.0 𝟗𝟎.𝟔𝟔𝟔0.877 82.8201.461 97.1210.138 93.8360.242 96.9491.111 91.6591.263 3.5001.761
 cyclical 90.2310.401 𝟖𝟑.𝟐𝟑𝟎1.719 98.0940.069 95.2740.236 97.8851.259 𝟗𝟐.𝟑𝟓𝟏2.385 𝟏.𝟔𝟔𝟕0.516

T-ABMIL+ProbSAΣ = 0

 0.0 91.0830.978 84.0831.962 98.0140.226 95.2890.322 97.6730.695 91.8263.638 3.5001.225
 0.1 91.1411.023 83.0232.429 98.0460.176 95.3780.190 98.0170.416 93.1933.426 2.8331.329
 0.5 91.0791.171 83.4692.720 𝟗𝟖.𝟎𝟔𝟒0.135 𝟗𝟓.𝟒𝟓𝟕0.115 98.3040.412 92.6760.632 2.6671.506
 1.0 91.0721.113 83.5802.784 98.0070.146 95.2540.305 98.0681.220 93.1311.753 3.6670.816
 cyclical 𝟗𝟏.𝟕𝟖𝟏1.200 𝟖𝟒.𝟓𝟗𝟏2.535 97.9740.156 95.2130.072 𝟗𝟖.𝟒𝟏𝟖1.104 𝟗𝟒.𝟐𝟐𝟎2.168 𝟐.𝟑𝟑𝟑2.066

T-ABMIL+ProbSAΣ = Diag

 0.0 𝟗𝟏.𝟎𝟖𝟑0.978 𝟖𝟒.𝟎𝟖𝟑1.962 𝟗𝟖.𝟎𝟏𝟒0.226 95.2890.322 97.6730.695 91.8263.638 2.5001.975
 0.1 90.8121.065 83.2602.006 97.9280.109 95.2110.216 97.9340.572 93.8341.816 3.8330.753
 0.5 90.8081.015 83.2262.144 97.9740.187 95.2660.194 𝟗𝟖.𝟒𝟖𝟔1.147 94.6572.036 3.0001.414
 1.0 90.8831.043 82.9642.064 97.9290.199 95.1980.325 98.0611.352 92.6532.638 3.8331.169
 cyclical 90.8141.683 83.6833.669 97.9880.117 𝟗𝟓.𝟑𝟑𝟗0.249 98.1330.828 𝟗𝟒.𝟕𝟑𝟐3.071 𝟏.𝟖𝟑𝟑0.753

Fig. C.1. Attention maps in a WSI from PANDA. The attention values have been normalized to ease visualization. PSA stands for ProbSA.
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Fig. C.2. Attention maps in a WSI from PANDA. The attention values have been normalized to ease visualization. PSA stands for ProbSA.

Fig. C.3. Attention maps in a WSI from PANDA. The attention values have been normalized to ease visualization. PSA stands for ProbSA.
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Fig. C.4. Attention maps in a CT scan from RSNA. The attention values have been normalized to ease visualization. PSA stands for ProbSA.

Fig. C.5. Attention maps in a CT scan from RSNA. The attention values have been normalized to ease visualization. PSA stands for ProbSA.

Pattern Recognition 171 (2026) 112097 

13 



F. M. Castro-Macías et al. 

Fig. C.6. Attention maps in a CT scan from RSNA. The attention values have been normalized to ease visualization. PSA stands for ProbSA.

Fig. C.7. Attention maps in a WSI from CAMELYON16. The attention values have been normalized to ease visualization. PSA stands for ProbSA.
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Fig. C.8. Attention maps in a WSI from CAMELYON16. The attention values have been normalized to ease visualization. PSA stands for ProbSA.

Fig. C.9. Attention maps in a WSI from CAMELYON16. The attention values have been normalized to ease visualization. PSA stands for ProbSA.
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